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Summary of Results from Fairhall
et al Nature 2001 and Smirnakis et
al Nature 1997

Richard Turner

In both these papers the authors investigate the response of cells
to a visual stimulus ensemble with a switching variance. The pur-
pose of this report is to summarise the dynamics of the neuron’s:

1. rate

2. linear kernel

3. input-output relation

1 Rate dynamics

The rate dynamics in response to a step up in variance followed by a
step down are shown in Fig. 1. The data shown are from a single cell,
but are averaged over repeated presentations of the switching variance
which has time period T . The rate dynamics can be characterised thus:

1. rate immediately increases after a step-up in variance (overshoot,
〈y〉10)

2. rate decays in a non-exponential way towards a steady state (〈y〉1∞)

3. rate immediately decreases after a step-down in variance (under-
shoot, 〈y〉20)

4. rate recovers in non-exponential way back up towards a steady
state (〈y〉2∞)

We now summarise how various points in the dynamics (labelled for
clarity in Fig. 2) are affected by the stimulus properties (the contrast
or variance and the time-period):

1. The initial firing rates after the switch and the steady state firing
rates scale linearly with increasing contrast (see Fig. 3). For the
switch up, the steady state firing rate has a lower constant of
proportionality than the initial rate.

2. The steady state, overshoot and undershoot rates are independent
of the time period of the variance switches (Fig. 4a).
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Figure 1: Rate dynamics

Figure 2: Schematic of rate dynamics showing the points defined above
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Figure 3: Filled circles: 〈y〉10, Open circles: 〈y〉1∞

3. The recovery time constant (τ2) is longer than the decay time
constant (τ1).

4. The recovery time constant (τ2) is independent of the time period
of the variance switches (Fig. 4a)

5. The decaying time constant (τ1) is proportional to the time period
of the variance switch (Fig. 4b and Fig. 5).

2 Receptive field dynamics

Unfortunately we only have data for the dynamics of the receptive
field for one time-period and (contrast) and only over the course of the
higher variance portion of the time period (Fig. 6). The behaviour can
be summarised thus:

1. The peak of the kernel instantaneously shifts to a shorter delay
after the variance switch (under what kind of generative model is
this a sensible thing to do?).

2. The kernel instantaneously narrows (the overall weight of the ker-
nel decreases and it is this which accounts for the gain control).

3. The kernel then contracts vertically, and its amplitude decreases
exponentially with time.

I guess this last bit is what confused me and prompted me to write
this down. In the Smirnakis paper then, it looks as if there are two
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Figure 4: Top: Extremal and steady state firing rates are identical (al-
though the variance may switch too fast for the steady state to be reached),
the recovery time constant is fixed, decaying time constants shorter for the
shorter variance switch time periods. Bottom: When using normalised time
the decaying regimes line up, but the recovering regimes are now misaligned

Figure 5: Exponential fits to the decaying regimes indicate that τ1 is pro-
portional to T
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Figure 6: Linear Kernel as a function of time. Top: Dotted line: the steady
state kernel in the low variance condition (〈y〉2∞). Solid lines decreasing in
breadth: 1-6s,13-18s,43-48s. Bottom: Amplitude of the kernel as a function
time.

time scales in the adaptation of the kernel. There is an initial, very
fast adaptation in which the width and height change, followed by a
longer, exponential compression. This seems to suggest that the i/o
function should widen instantaneously after a variance up-switch and
then continue to widen more slowly after the switch. However, I guess
the initial changes account for a much larger loss in weight as compared
to the following changes, and are hence unobserved.

3 Input-Output function dynamics

Finally we want to characterise the dynamics of the input-output re-
lation. This is not documented in detail in Fairhall et al and the aim
is to provide a short summary of the dynamics here. Specifically we
would like summarise the changes which occur in the four transitions:
→ 〈y〉10 → 〈y〉1∞ → 〈y〉20 → 〈y〉2∞. The raw i/o relations corresponding
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Figure 7: Input output relations

to these 4 points are shown in Fig. 7. To characterise the main changes,
we make the simplifying assumption that each i/o function can be

mapped onto another via the following transform: f̂(x) = g(ax+ b)+ c
where x is the inner product of the normalised temporal kernel and
the stimulus vector, f and g are the mapping of x to log(firing rate),
and a,b & c are stretches, vertical shifts and horizontal shifts of the
original i/o function respectively. The changes to the i/o function can
be summarised thus:

1. 〈y〉2∞ → 〈y〉10: width immediately broadens according to the vari-
ance (a ↓), stretches vertically causing the overshoot (c ↑), shifts
to the left (b ↑) causing the increase in the eventual steady-state

2. 〈y〉10 → 〈y〉1∞ shifts downwards (c ↓) causing the decay to the
steady state

3. 〈y〉1∞ → 〈y〉20 width immediately sharpens according to the vari-
ance (a ↑), compresses vertically causing the undershoot (c ↓)shifts
to the right (b ↓) lowering the steady state
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Figure 8: Mapping of the input-output relations, abscissa = filtered stimu-
lus, ordinate = log rate : a. original i/o relations b. rescaled by the stimulus
variance c. removing the horizontal shift d. removing the vertical shifts

4. 〈y〉20 → 〈y〉2∞ shifts upwards (c ↑) causing the recovery to the
steady state

Fig. 8 illustrates that this summary of changes can approximately map
the four i/o relations onto one another whilst Fig. 9 shows the rate
dynamics are compatible. Note that the summary presented here is a
simplification of the exact changes to the i/o relation. These fits have
been made by eye. A more rigorous procedure would be to choose one
of the traces (in some space [log rate/linear rate/etc.]) as the target
(f(x)) and find the parameters of some transform which maps the other
curves (g(x)) onto this target by minimising the squared error:

f̂(x) = g(ax + b) + c (1)

L = 〈[f̂(x)− f(x)]2〉x (2)

a, b, c = argminL (3)
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Figure 9: Summary of the i/o dynamics and the resulting predicted average
rates
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Practically this can be minimised by conjugate gradients using the
gradients:

L = 〈[g(ax + b) + c− f(x)]2〉x (4)

∂L

∂a
= 2〈x[y(ax + b) + c− f(x)]

∂y(x)

∂x ax+b
〉 (5)

∂L

∂b
= 2〈[y(ax + b) + c− f(x)]

∂y(x)

∂x ax+b
〉 (6)

∂L

∂c
= 2〈[y(ax + b) + c− f(x)]〉 (7)
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