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The integration problem

We make computations of the form

[ e,

where F(w) is some (probably
complicated) function of the model
parameters and p(w) is a probability
density.
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Two typical situations; left panel: full line is some function times the likelihood, dashed is
prior; right panel: full line is some function and dashed is posterior.



Simple approaches to the problem

Analytical approximation: expansion around the mode (ie Gaussian).
Numerical methods?

Simple Monte Carlo:

where w(®) are (independent) samples from p(w).

Problem: it may be difficult to obtain the samples from p(w).

Simple rejection sampling: Find a distribution g(w) and a constant ¢ such that Vw, p(w) <
cp(w). Sample w* from g(w) and accept w* with probability p(w*)/(cq(w™*)). Use accepted
points in simple Monte Carlo.
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Problem: it may be difficult to find cq(w) with a small ¢ which is easy to sample from.



More simple approaches

Simple importance sampling:

0

S ) - 1 N 1 N D

Problem: it may be difficult to find a suitable ¢(w). Monte Carlo average may be dominated
by few samples (high variance); or none of the high weight samples may be found!



Gibbs sampling

Give up the requirement that samples should be independent. Repeatedly:
1) Pick i (either at random or in turn)
2) replace w; by a sample from the conditional distribution

p(wi‘wla ceey Wi—1, Wit 1, - - - wn)

Gibbs sampling is feasible if it is easy to sample from the conditional probabilities.

Example: 20 (half-) iterations of Gibbs sampling on a bivariate Gaussian



The Metropolis algorithm

Based on the current state w, propose a new state w* using a proposal distribution
S(w,w*). Accept the new state with probability min(1, p(w™*)/p(w)); otherwise retain the
old state.

Proof of correctness relies on symmetry of S(w,w*) and detailed balance.

Note, we need only to compute ratios of probabilities (no normalising constants).

Example: 20 iterations of global metropolis sampling from bivariate Gaussian; rejected
proposals are dotted



Hybrid Monte Carlo

Typical distance traveled by a random walk in n steps is proportional to \/n
Fundamental requirement: seek regions of high probability while avoiding random walks

Hybrid Monte Carlo: We introduce a fictitious physical system where model parameters
correspond to positions ¢; the position variables are augmented with momentum variables
p to help avoid random walks.

We simulate the dynamical system in such a way that the distributions of positions,
p(q), corresponds to the desired distribution p(w). For estimation purposes we ignore the
momentum variables p.



Dynamical system

In the physical system, positions g correspond to weights w and are augmented by
momentum variables p:

p(p,q) < exp(—H(q,p)) H(p,q) = E(q) + K(p)

E(q) = —log(p(g)) —log(Z) K(p) = %Zpﬁ/mi

The physical system evolves at constant energy H according to Hamiltonian dynamics:
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The system is simulated approximately via a series of L discrete leapfrog steps of size e:
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Properties of the dynamical system

Hamiltonian dynamics has the following important properties:

1) preserves total energy, H,
2) is reversible in time
3) preserves phase space volumes (Liouville's theorem)

The leapfrog discretization only approximately preserves the total energy H, and

1) is reversible in time
2) preserves phase space volume

The dynamical system is simulated using the leapfrog discretization and the new state is
used as a proposal in the Metropolis algorithm to eliminate the bias caused by the leapfrog
approximation



Stochastic dynamics

Changes in the total energy, H, are introduced by interleaving the deterministic leapfrog
transitions with stochastic updates of the momentum variables.

Since the distribution of the momenta are independent Gaussian, this is easily done using
Gibbs sampling with persistence:

pi = ap; + V1 —aZ,

where ¢ ~ N(0,1) and the persistence 0 < o < 1.

Persistence is added to further suppress random walks



Hybrid Monte Carlo algorithm

1) A new state is proposed by deterministically simulating a trajectory with L discrete
steps from (¢, p) to (¢*,p*). The new state is accepted by the Metropolis algorithm with

probability:
min (1, exp(—(H(p*,¢") — H(p,q)))),

otherwise the state remains the same and momentum is negated.
2) Stochastically update the momenta using Gibbs sampling.

Example: L = 20 leapfrog iterations when sampling from bivariate Gaussian



The neural network model

Training set: D = {(2() ¢t} c=1...n.
Single hidden layer net (with direct connections from inputs to output):

f(x) = Z hi(x)w; + Z w;x; + b

J

hz(az) = tanh(z Wjid j -+ bj)

J

model parameters (w's and b's) are called 6.
Likelihood (really p(y™), ...,y |zM) . 2™ )):

p(DIf) o< | [ exp(=(f(z'?) = t'9)?/207).

The common “maximum likelihood” approach minimizes the cost function — log(p(D|6)).
Task: predict y("*1) given a new input z{("*1) and the training examples D.



Using Bayes’ rule

Bayes' rule: posterior o< likelihood x prior.
| wish to use a hierarchical prior, which is specified in terms of “hyperparameters” ~:

p(0,v|D) o< p(D]0)p(0])p(7)-

The predictive distribution is obtained by integration:

p<y(n—|—1) |x(n+1), D) _

/p(y(”“)\w(”“), 6,7)p(0,D)dbdr.

Mean of predictive distribution (for squared error loss):

gint) = / F(Y 0)p(6,~|D)dod~.

Computational task: do the integrals over the posterior distribution.



