LATENT VARIABLE MODELS



Explain correlations in X by assuming dependence on latent variables z

Zr~ P[ez]
X |z~ Pb]

latent

p(X,2;0x,0;) = p(X| Z;0,)p(z;6:)
(X0, 0:) = / dz p(x | Z; 0.)p(2;6:)
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e Describe structured distributions.

« Correlations in high-dimensional X may be captured by fewer parameters.

¢ Capture an underlying generative process.

» Z may describe causes of X.
« help to separate signal from noise.

¢ Combine exponential family distributions into richer, more flexible forms.

e P(2), P(x|z) and even P(X, Z) may be in the exponential family
o P(x) rarely is. (Exception: Linear Gaussian models).
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Gaussian correlation can be composed from latent components and uncorrelated noise.

xNj\/‘<o,[g ﬂ) & z~N(0,1) x~N<\/§mL[(l) ?])
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PROBABILISTIC PRINCIPAL COMPONENTS ANALYSIS

If the uncorrelated noise is assumed to be isotropic, this model is called Probabilistic Principal
Components Analysis, or PPCAb.

Data: D = {X{,X2,..., Xz };X; € RY
Latents: Z = {2,2;,...,2,};2; € RK
K
Linear generative model: x; = Z Aje zx + ¢
k=1
e 7 are independent AV'(0, 1) Gaussian factors

* ¢; are independent (0, 1) Gaussian noise

¢ K<d

Model for observations X is a correlated Gaussian:

r(2) :N(O,I) Note: Ex [f(X)] = Ez [Ex) [f(X)]]
p(xjz) = N (Az,p1) Va [x] = B [V [x|2]] + Ve [E [xi2]]

p(X) = / p(2)p(X|2)dz = N (]Ez [Az],E, [AzzTAT} + wz) =N (o, AAT + w)

where A is ad X K matrix.
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Two models:
p(2) =N (0,1)
p(x) =N(0,%) p(x|2) = N (Az,4I)
= p(x) = N (0,AAT + 1)
 Descriptive density model: correlations are e Interpretable causal model: correlations
captured by off-diagonal elements of 3. captured by common influence of latent

variable.
o AAT 4 oI has dK + 1 free parameters.

i ) e For K < d covariance structure is
e Simple ML estimate. constrained (“blurry pancake”)

¢ ML estimation is more complex.

e X has l@ free parameters.

¢ Only constrained to be positive definite.
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The marginal distribution on X gives us the PPCA likelihood:

log p(D|A, ¥) = —g log |27r(AAT + wl)‘ - %Tr {(AAT +yn~! ZxxT]

N——
ns

To find the ML values of (A, 1)) we could optimize numerically (gradient ascent / Newton’s
method), or we could use a different iterative algorithm called EM which we’ll introduce soon.

In fact, however, ML for PPCA is more straightforward in principle, as we will see by first

considering the limit ¢» — 0.

[Note: We may also add a constant mean £ to the output, so as to model data that are not distributed
around 0. In this case, the ML estimate 1 = % Zi X; and we can define
S = % S (xi — 1) (x; — @)T in the likelihood above.]
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As ¢ — 0, the latent model can only capture K dimensions of variance.

In a Gaussian model, the ML parameters will find the K-dimensional space of most variance.
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This leads us to an (old) algorithm called Principal Components Analysis (PCA).

Assume data D = {X;} have zero mean (if not, subtract it).

* Find direction of greatest variance — Ay).

A(1) = arg max x,-Tv 2
(n) = e, 2 (V)

* Find direction orthogonal to A(j) with greatest variance —
A@)
4

* Find direction orthogonal to {A\(1y, A2y, - - -, A(k—1) } With
greatest variance — A ().

¢ Terminate when remaining variance drops below a threshold.
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EIGENDECOMPOSITION OF A COVARIANCE MATRIX

The eigendecomposition of a covariance matrix makes finding the PCs easy.
Recall that U is an eigenvector, with scalar eigenvalue w, of a matrix § if
Su =uwu
u can have any norm, but we will define it to be unity (i.e., u'u= 1).
For a covariance matrix S = <xxT> (which is d X d, symmetric, positive semi-definite):

¢ In general there are d eigenvector-eigenvalue pairs (u(,-> S W(5) ), except if two or more
eigenvectors share the same eigenvalue (in which case the eigenvectors are degenerate — any
linear combination is also an eigenvector).

e The d eigenvectors are orthogonal (or orthogonalizable, if w(;y = w;)). Thus, they form an
orthonormal basis. Y, u<,~)u<,-)T =1
¢ Any vector V can be written as

v= (D ugue)v =D Ve = 3 vipug

1 1

¢ The original matrix S can be written:

T T
§S=) wpupup' =UWU
i

where U = [U(}), U(2), - - -, U(py] collects the eigenvectors and
W = diag [(w(1y, W@y w))]-
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PCA AND EIGENVECTORS

Peter Orbanz

The variance in direction Uy;) is

T 2 Tyyw ! T T
<(X ug) > = <“<f> XX “<f>> = U@ SUp) = U winle) = @

The variance in an arbitrary direction V is

(0v2) = (T (S vue)) ) = X vouo sugvg,

] -

ij
_ T _ 2
=D vHwe (U Ug = D Vi@
ij i

IfvTv = I, then 3, V%i) = 1 and 50 arg max|jy| ((xTv)?) = U (max)
The direction of greatest variance is the eigenvector the largest eigenvalue.

In general, the PCs are exactly the eigenvectors of the empirical covariance matrix, ordered
by decreasing eigenvalue.

The eigenspectrum shows how the vari-
ance is distributed across dimensions;
can identify transitions that might sepa-
rate signal from noise, or the number of
PCs that capture a pre-determined frac- ‘ ‘ N
tion of variance. 0 0 * w0 ! 10 0 »

Number of components Number of components

e (variance)

3

Eigenvalu

&
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The K principle components define the K-dimensional subspace of greatest variance.

o Each data point X; is associated with a projection X; into the principle subspace.

K
%= i)
k=1
¢ This can be used for lossy compression, denoising, recognition, ...
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¢ Find K directions of greatest variance in data.

¢ Find K-dimensional orthogonal projection that preserves greatest
variance.

¢ Find K-dimensional vectors z; and matrix A so that X; = Az; is as close
as possible (in squared distance) to X;.

e ...(many others)
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ML LEARNING FOR PPCA

6:—710g\27rC| [c 15] where C = AAT + 41
g—izg( aaA g|c|——ATr[C S]) (—C—1A+C—1SC—1A)

So at the stationary points we have SC™!'A = A. This implies either:
¢ A = 0, which turns out to be a minimum (if ¢ is smaller than all eigenvalues of S), or a
saddle point (otherwise).
o C=8= AAT =5 — ¢l Now rank(AAT) < K = rank(S — I) < K
= Shas d — K eigenvalues = 1 and A aligns with space of remaining eigenvectors.
o or, taking the SVD: A = ULVT:

S(ULVTVLUT + 1)~ ULy = ULy’ X VL™
= S(ULPUT + 9N~ 'U=U UL + ) = (ULPUT + U
= (ULPU" + 1)U = U + 97"
= SULP+yD) "' =U x (I + 1)
= SU = U (L +9I)
N——
diagonal

= columns of U are eigenvectors of S with eigenvalues given by lf + 1.
Thus, A = ULV7 spans a space defined by K eigenvectors of S; and the lengths of the column
vectors of L are [; = /w(;y — ¢ (V selects an arbitrary basis in the latent space).
It remains to show—we won’t, but it’s intuitively reasonable—that the global ML solution is
attained when A aligns with the K leading eigenvectors.
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PPCA LATENTS

Peter Orbanz

In PCA the “noise” is orthogonal to the subspace, and we can project X; — X; trivially.
In PPCA, the noise is more sensible (equal in all directions). But what is the projection?
Find the expected value Z; = E [z;|X;] and then take X; = AZ;.
Tactic: First consider a general ¥. Write p(z;, X;|6), consider X; to be fixed.
What is this as a function of z;?

p(zi, Xi) = p(zi)p(Xi|z:)

_kK
2

1 1
= (2m) "% exp{—2l2) 2rw| =2 exp{~3 (% — Az) W~ (x; — Az)))

1
=cx exp{fé[zgrz,' + (xi — Az)TO 1 (x; — AZ)]}

1
=c x exp{fi[z;r(l + AT Az — 22T ATU X))

1
=c’ X exp{fi[z;rEflzi —22ls 4 T )}

SoX = (I +ATU A" =7 — BAand u = SATE!x; = Bx;. Where § = SATE !,

Thus, X; = Al + ATUTA) T ITATO 1%, = x; — U(AAT + 0)~Ix;
This is not the same projection. PPCA takes into account noise in the principal subspace.

Now suppose ¥ = /1. As ¢ — 0, the PPCA estimate — the PCA value.
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dashed line = principal subspace
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PCA projection

dashed line = principal subspace
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. ¢

“PPCA noise

dashed line = principal subspace
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PPCA posterior

”

PPCA noise
. ‘K\ PCA projection

PPCA projection

PPCA latent prior

dashed line = principal subspace
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A (finite) mixture distribution has a single discrete latent variable:

si s Discrete[]
Xi | i ~ Py [0y]

Mixtures arise naturally when observations from different sources have been collated.
They can also be used to approximate arbitrary distributions.
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The mixture model is

i Discrete|]
Xi | si ~ Py [05]

Under the discrete distribution
K
P(si = k) = m; ﬁkzo,Zﬂ'kzl
k=1
Thus, the probability (density) at a single data point X; is

K
P(X) =Y P(Xi | si =k)P(si = k)

=1
K
= Z kP (Xi; Ok )
k=1

The mixture distribution (density) is a convex combination (or weighted average) of the component
distributions (densities).
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APPROXIMATION WITH A MIXTURE OF GAUSSIANS

We now consider a mixture of Gaussians (MoG), ie each component distribution is Gaussian.

The component densities may be viewed as elements of a “basis” which can be combined to
approximate arbitrary distributions.

Here are examples where non-Gaussian densities are modelled (aproximated) as a mixture of

Gaussians. The red curves show the (weighted) Gaussians, and the blue curve the resulting density.

Uniform Triangle Heavy tails

Given enough mixture components we can model (almost) any density (as accurately as desired),
but still only need to work with the well-known Gaussian form.

Peter Orbanz
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In clustering applications, the latent variable s; represents the (unknown) identity of the cluster to
which the ith observation belongs.

Thus, the latent distribution gives the prior probability of a data point coming from each cluster.
P(si=k|m)=m
Data from the kth cluster are distributed according to the kth component:
P(X; | si = k) = Pr(X;)
Once we observe a data point, the posterior probability distribution for the cluster it belongs to is
Pr(Xi) g
ok Pre(Xi)mi
This is often called the responsibility of the kth cluster for the ith data point.

P(Si =k | Xi) =
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Each component of a MoG is a Gaussian, with mean i and covariance matrix . Thus, the
probability density evaluated at a set of 7 iid observations, D = {X; ... X, } (i.e. the likelihood) is

n K
p(D [ {md AZhm) = T[> meN (% | i Z)

i=1 k=1
H Z | = %(Xi*uk)TE;l(Xi*Mk)
prar Y/ 27 k

The log of the likelihood is

D N N I et NV
log p(D | {m}, {3}, 7) = Zlogzjwk |2 N ™2 i) B (i)
k

Note that the logarithm fails to simplify the component density terms. A mixture distribution does
not lie in the exponential family. Direct optimization is not easy.
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The log likelihood is:

n K
L= Z log Z FkPk(X,'; ek)
i=1 k=1

Its partial derivative wrt 6y is

n

3/3 _ Z OPk(Xi; 0k)
Zk 1 TrkPk(xly ek) 00

or, using OP/00 = P x dlog P/d0,

P (Xi; Ok ) 0 log Pr(X;; 0k)

; i=1 EkK=1 TP (Xi; Or) 06
—_—
3 0 log Pi(Xi; 0k)
I R L (N
00y

And its partial derivative wrt 7 is

Zn: Pr(X;; 0k) . Tik

a”k P 17FkPk(Xn9k) — T
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For a MoG, with 6 = {u, X} we get

L I~
— = — )
o
oL 1< .
= = = v (S — O — ) (X — )
0%, 2 I ( )

These equations can be used (along with Lagrangian derivatives wrt 7y that enforce normalization)
for gradient based learning; e.g., taking small steps in the direction of the gradient (or using
conjugate gradients).
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THE K-MEANS ALGORITHM

The K-means algorithm is a limiting case of the mixture of Gaussians (c.f. PCA).

Take 7; = 1/K and ¥ = o1, with o> — 0. Then the responsibilities become binary
rie — 0(k,arg m[in 1% — w]?)

with 1 for the component with the closest mean and O for all other components. We can then solve
directly for the means by setting the gradient to O.

The k-means algorithm iterates these two steps:

e assign each point to its closest mean (set rie = 6(k, arg m]in Ix; — ,ule))

> Vikxi)
>tk

o update the means to the average of their assigned points (set Pk =

This usually converges within a few iterations, although the fixed point depends on the initial values
chosen for p. The algorithm has no learning rate, but the assumptions are quite limiting.
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(a) Tnitial centres

(b) Assign 1

() Update 1

(d) Assign 2

(¢) Update 2

Peter Orbanz

(g) Update 3
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A PREVIEW OF THE EM ALGORITHM

We wrote the k-means algorithm in terms of binary responsibilities. Suppose, instead, we used the
fractional responsibilities from the full (non-limiting) MoG, but still neglected the dependence of
the responsibilities on the parameters. We could then solve for both 4 and 2.

The EM algorithm for MoGs iterates these two steps:
¢ Evaluate the responsibilities for each point given the current parameters.
¢ Optimize the parameters assuming the responsibilities stay fixed:
Do riXi and S, — v (X — ) (X — )T
Lai W e =
2o ik > i Tik

Although this appears ad hoc, we will see (later) that it is a special case of a general algorithm, and
is actually guaranteed to not decrease the likelihood at each iteration.

M =
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There are several problems with these algorithms:
« slow convergence for the gradient based method
¢ gradient based method may develop invalid covariance matrices
¢ local optima; the end configuration may depend on the starting state
¢ how do you adjust K? Using the likelihood alone is no good.

« singularities; components with a single data point will have their covariance going to zero and
the likelihood will tend to infinity.

‘We will attempt to address many of these as the course goes on.
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