NON-NEGATIVE MATRIX FACTORIZATION FOR PARAMETER ESTIMATION IN
HIDDEN MARKOV MODELS

Balaji Lakshminarayanan and Raviv Raich

School of EECS, Oregon State University, Corvallis, OR 973301

{I akshnba, rai ch@ecs. oregonst at e. edu}

ABSTRACT Non-negative matrix factorization (NNMF) [2] is a computa-

. ) ) tionally efficient method for factorizing a matrix into non-negative
Hidden Markov models are well-known in analysis of random pro- factors and has been successfully applied for various applications
cesses, which ex_hlblt temp_oral or_spatlal structure and have beerych as text mining, spectral data analysis [3], face recognition
successfully applied to a wide variety of applications such as but 4] etc. There has been little previous work in the application of
n_ot I_|m|ted to_ speech recognition, musical scores, hano_lwrltl_ng, and NNME methods for HMM. In [5], the authors employ a clever re-
bio-informatics. We present a novel algorithm for estimating the parametrization of the traditional HMM problem [1] and compute
parameters of a hidden Markov model through the application of 5 giohal solution based on singular value decomposition (SVD) for
a n_on-negatlve matrlx factorization to the_Jom_t probability distri- tpair proposed parametrization. In [6], the authors employ NNMF
bution of observations from two consecutive time steps. We start o, higher-order transition matrices (unlike the first-order transition
with _the discrete obgervatlon model and extend the re_sults to thematrix used in this paper) to compute the parameters of HMM.
continuous observation model through a non-parametric approachyoyever, their NNMF formulation is based on minimization of
of kernel density estimation. For both the cases, we present resu”ﬁ-divergence unlike the least squares criterion used in this paper.
on a toy example and compare the performance with the Baum-poreover, both of these papers assume that the observations are
Welch algorithm. discrete. To the best of our knowledge, there has been no previ-

ous work on the application of NNMF to HMMs with continuous

1. INTRODUCTION observations. _
In this paper, we present a hovel estimator of the HMM param-
Hidden Markov models (HMMs) are now well-known for over ©ters that is based on a rank-constrained NNMF of the empirical
four decades. HMMs are used to characterize processes with Speestimate of the jOint d|Str|bUt|On of two Consecl.,ltive observations.
cific temporal or spatial structure and provide significant advan- For observations that are discrete random variables, we present a
tage over models that assume independence, when the temporaiolution that is directly based on NNMF. The computational com-
or spatial independence assumption is invalid. For example in Plexity of our method is independent of the length of the data se-
processing text documents, words exhibit dependence on the preduence. We extend the method for observations that are contin-
ceding content and the use of HMM may lead to improved mod- Uous random variables through a kernel formulation. We present
eling and inference as compared to an independent word model WO t0y examples to illustrate the performance of the method. For
HMM is deployed in a variety of applications such as but not lim- the discrete HMM, we provide both qualitative and quantitative
ited to speech processing, motion capture, bio-informatics, andcemparisons of our method to the Baum-Weilch algorithm. For the
hand-writing (see [1] for a review of the topic and related ref- Continuous observations case, we provide a qualitative comparison
erences therein). In classification, a HMM can be extracted for {0 the Baum-Weich algorithm.
each class (e.g., using the maximum likelihood (ML) principle) ~In Section 2, we formulate the problem of HMM parameter
in the training phase and the Bayes risk minimizing maximum a- €stimation for the discrete and continuous observations model. In
posteriori classifier can be used to optimally determine which of Section 3, we describe the algorithms to estimate the HMM param-
several HMMs is most likely to generate a sequence of test obser-€ters. In Section 4, we present two toy examples to demonstrate
vations. the performance of the proposed algorithms. Finally, Section 5
Commonly used in implementing HMM ML parameter esti- Provides a summary of the paper.

mation is the well-known Baum-Welch algorithm [1]. The Baum-
Welch algorithm is a generalized expectation-maximization (EM) 2. PROBLEM FORMULATION
implementation of the ML estimator. Generalized EM is guar-
anteed to produce a sequence of non-decreasing likelihood val-We consider the HMM as presented through the graphical model
ues converging to a local maximum of the likelihood and as such in Fig. 1(a). The hidden state at tiniés denoted bys(i) and the
Baum-Welch inherits such property. On the other hand, fast con- observed output at timeis denoted byz(i). We assume that the
vergence is not guaranteed. With the Baum-Welch algorithm, the state is a discrete random variable (RV), which takes upon ohe of
computational complexity of each iteration depends linearly on the values fromS = {1,2,..., L}. The state transition probability is
length of the observation sequence. When dealing with long se-denoted byS (sz2|s1) £ P(s(i+1) = s2|s(i) = s1). We make the
guences, the use of Baum-Welch algorithm may be prohibitive if assumption that the process is stationary and hence we can write
a lot of iterations are required. We are interested in developing the stationary state probabilit§y(s) £ P(s(i) = s). We choose
methods that alleviate this problem. the state joint probabilitys(s1, s2) = P(s(i) = s1,s(i + 1) =
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Fig. 1. Graphical models for HMM (a) a complete Markov chain
(b) a two-step Markov chain

s2) instead of the transition matrix to represent the model. Note
that the joint state probabilit§(s1, s2) can be obtained from the
transitionS(sz|s1) and the stationary state probabilif(s,) by
Bayes ruleS(s1,s2) = S(s2|s1)S(s1). Moreover, the station-
ary marginalS(s1) can be obtained from the transition probabil-
ity by solving the linear equatios(s2) = -, S(s2|s1)S(s1)
for all s, € S. The observatiorz(i) can be either discrete or
continuous and takes upon a valueih We denote the condi-
tional distribution of the observation(i) given the states(i) by
P(z|s) £ P(x(i) = z|s(i) = 5) : X x S — R. GivenS and&,
the process can be parameterized by theyair {S(-,-), P(:|-)}.

Here, we restrict the problem to findidg and.S using the empir-
ical estimate of) given by

n—1

> I(@(i) = z)I(x(i + 1) = z2),

i=1

A 1

Q(z1,22) = (3)

n—1

for all (z1,22) € X x X. We would like to point out that the
simplicity of our formulation (in contrast to [6]) comes with a cost.
Not all necessary statistics are used and hence the efficiency of an
estimator that relies only o) is not guaranteed. We consider the
nonlinear least-squares criterion for estimatirgnd.S based on

the following optimization problem:

. A T2
phnin Q- PSP
SeRL XL
subjectto  17P=17,1781=1, P>0,5>0, (4)

whereX > 0is used here as a shorthand notationXoy > 0 for
all 7, 7. Note that an alternative formulation of the problem using
the KL-divergence can be considered as well:

pluin Z Qijlog(Qi;/(PSPT);)
SERLXL “
subjectto  17P=17,1751=1,P>0,5>0. (5

In this paper, we proceed concentrating only on the problem for-
mulation in (4). Note that this problem is not convex and may
have multiple local minima. Key to the algorithm that is presented
in the next section is the low-rank factorization of thex M ma-

trix @ into a product of\f x L, L x L, andL x M matrices. Note
that except for the creation @ in (3), the problem described in
(4) does not depend on, the length of the observation sequence.

We refer the reader to [1] for a more detailed introduction to HMM. Hence, this problem formulation is attractive when dealing with
The core of the HMM parameter estimation method presented long sequences.

here relies on the factorization of the joint probability of two con-
secutive observatior@(z1,z2) = P(z(i+1) = z2,2(1) = x1).

Note that we are estimating the parameters of HMM based on the

model in Fig. 1(b). We can writ@(x1, z2) as
Qz1,22) = ) P(x1]s1)S(s1, 52) P(x2]s2). @)

51,82

If z(i) is a discrete RV an&’ = {1,2,..., M}, then (1) can be
written in a matrix form as

Q= PSP, )

where@, P, andS are M x M, M x L andL x L matrices,
respectively. Note that in this matrix form, all three matrigsP,
andsS are non-negative and that the sum-to-one propertg)fand
Sisofthe formy:  Q(z1,72) =1land} . S(s1,s2) =
1 or in matrix notation1”’Q1 = 1 and17S1 = 1, wherel is
the vector of all ones. The sum-to-one property fois of the
form 37 P(z1]s1) = 1forall sy € S orin matrix notation

1Tp=17.

2.1. Discrete observationsHMM parameter estimation

In general, the problem of HMM parameter estimation can be
stated as: find® andS given the observations:(1), z(2), ..., z(n).

2.2. Extension to continuous observations

Next, we consider the continuous observations model. The nota-
tions vary in the following:

1. X =R?

2. p(z(i) = =z|s(i) = s) corresponds to the probability den-
sity function of the observations, i.g,, p(x(i) = x|s(i) =
s)dz = 1andp(z(i) = z|s(i) = s) > 0.

3. p(z(i) = z1,z(i+1) = x2) is the joint probability density
function ofz (i) andz (i + 1).

With these modifications, the low rank decomposition in (1) re-
mains exact. To obtain information abqu(tz|s1) for all z € X,

a function version of (2) is required. However, to perform a fac-
torization similar to (4), a matrix formulation is required. First,
consider a finite sample sat = [z, 2 ... (™)), which in
some sense covers. This can be achieved by increasingto
reach a desirable accuracy of coveritlg Using this approach,
the LHS of (1) can be evaluated over the giidx X" as

Q™,2) = 3" p(a?s1)S(s1, s2)p(x?]s2),

51,82

(6)

to produce the desired matrix formulation. We are interested in a
solution that will providep(z|s) for all z € X. This requires an



interpolation ofp(z|s) to values other tham™® 22 ... (™), 3. ALGORITHMS

To this end, we consider reformulating the problem using a kernel

density estimate gf(z|s): In this section, we present algorithms to solve the optimization
problems described in (4) and (10). To solve the problem in (4),

Z ans K (z, 71 @) we propose an approach motivated by NNMF. NNMF is a well

studied problem and is a popular approach when the factor repre-

sentations need to be non-negative. Two popular algorithms for

NNMF are alternating least squares and multiplicative update al-

gorithm. We refer the reader to [3] for more details regarding

NNMF. For a discussion about the convergence properties of al-

ternating least squares, we refer to [9]. Note that the problem in

whereays are non-negative coefficients,s > 0 that sum to one

> naks = 1forall s and K(z,y) is the kernel of the density
estimator. A wide variety of kernels can be deployed [7]. We
restrict the kernel to satisfy the following properties

1. Non-negativityK (z,y) = 0, (4) is not a straightforward NNMF since the optimization function
2. SymmetryK (z,y) = K(y,x), involves fourth order terms if.
3. Sum-to-onefX K(z,y)dx =1, Following the approach of alternating non negative least squares

for NNMF, we propose the following iterative algorithm. We ini-
. tialize P to lie in the column space @). We find the least squares
2 _ 2 AL oA A AL

5. Bandwidth/, ||o — yII°K (z,y)dzdy = o°d, solution for S given by Sps = PTQPT where PT denotes the

whered is the dimensionality of the observations. Bandwidth se- <o qdo-inverse op. Next, we projectS.. s onto the positive quad-
lection can be made to balance bias and variance in the denSIt)Pant S = S} = max(SLs,0) and then impose the sum-to-one

estimator as in [8]. Next, we consider the kernel density estimator constraint using = Sl/(lTsll) Next, we update® by solv-

of Q(z, 2’) of the form
@ ) ing for Q = P,.aSPT where P,;; denotes the previous value

4. First order momenf,, zK (z,y)dz = y, and

n—1
A N1 , of P and is treated as a constant. We find the least squares so-
Qz,2) = —— ; K(z,0) K (27, 2h41)- ®) lution for P and then project it onto the positive quadrant i.e.,

Pr = max(((PS)'Q)7,0). Next, we updateP by normaliz-
ing each column of?,. Next, we updates again using the new
P. Finally, we updateP again by solving for) = PSPZ, us-
ing a similar approach to that used for solviG@g= P,4SP7.

Using the kernel estimate ¢f in (8) and the kernel representation
of p(z|s) as in (7), we introduce a kernelized version of (6):

(@, 2K (2, zi11) = The complete pseudo code for the discrete version of the NNMF-
HMM algorithm is shown in Algorithm 1. A complete proof of
- G) convergence for Algorithm 1 is beyond the scope of this paper.
Z (Z gy s K xkl 81, 82 Z Qkysy K ,$k2)>.
81,82 ki=1 ko=1

Algorithm 1 NNMF-HMM Discrete case
Construct matrixQ by (3)

The matrix notation of the above equation is

0= ' KDKT = KASATKT, ©) Initialize P to be in column space @)
—1 r
. epeat A
WhereKik = K(I(’L), Ik), Dy = 5k+1¢ly andAkS = aygs. Here, S1 = maX(}?TQPTT,O)
Q, K, AandS arem x m, m x n,n x L andL x L matrices, re- Normalize:S = S, /(175:1)
spectively. Note that (9) is a set 0f? equations with a number of P, = max(((PS)'Q)T,0)
parameters L + L? and a number of constrainfs+ 1. A neces- Normalize: P;; = Pri;/(32, Puij)
sary condition for a unique solutionisthaf > nL+L*—L—1. S, = maX(pTQAP’yT’ 0)

For a large number of samplaswe can choose: to be of the or- oa T
der of v/nL to satisfy this inequality. Choosing = X yields Normalize: & Til/T(AlTSTll)
n? equations, which leads to a ratio of equations to parameters of Py = m,a‘x((A(PS )'@7)",0)
the order of?:. For largen, this ratio could potentially lead to Normalize: P;; = Paij/ (3, Paiz)
a more accurate estimation. Alternatively, a computationally effi-  until [|Q — PSPT||? has converged
cient choice ofX’ can be made by sub-samplifg so thatm is
of the order ofy/n.L thus leading to a number of equations, which
is linear in the number of points trading-off estimation accuracy
with computational complexity.

We choose the nonlinear least-squares criterion for estimating
A andS based on the following optimization problem:

To solve the problem in (10), we use the following algorithm.
We first compute then x n matrix K by evaluating the value of
kernel atm input points. As with the discrete case, we propose an
alternating least squares approach following the same cycle of es-
timation. HereK is incorporated in the least squares (LS) estima-

min Q- KASATK™|? tion of A andS. We use non-negative least squares (NNLS) pro-
;‘ﬁﬁ’;iﬁ cedure for solvingd andS. The pseudo code for the continuous
e T - version of the NNMF-HMM algorithm is shown in Algorithm 2.
subjectto 1"A=1",151=1,A>0,S5>0. (10)
In the discrete case, the problem in (4) did not depend.ddow- 4, NUMERICAL RESULTS

ever, in the continuous case, the problem described in (10) implic-
itly depends om throughm. The choice ofn presents a trade-off  In this section, we present a toy example for each of the scenarios,
between computational complexity and accuracy of estimation.  i.e., discrete observations and continuous observations.



Algorithm 2 NNMF-HMM Continuous case P(x|s) and the runtime of NNMF and HMM for different values

Estimate kernel bandwidth. of the number of samples For details regarding the Baum-Welch

Computem = [v/nL + L2] and evaluate the kernel matrix algorithm, we refer the reader to [1]. We used the Matlab imple-

atm input points mentation of the Baum Welch algorithm available in Matlab-HMM

Construct then x m matrix Q according to (8) toolbox [10] for all of our simulations.

Initialize A The NNMF-HMM procedure is the same as that described in

repeat Section 4.1. Similar to NNMF, we repeat the Baum-Welch proce-
Solve using NNLSS; = mingso |Q — KASATKT|? dure with 5 random initializations and pick the solution with the
Normalize: § = $1/(17811) highest log likelihood. We set the hr esh’ criterion in the HMM

toolbox as10~° and limit the maximum number of Baum Welch
iterations to 500. Similar to Section 4.1, we obtain 10 different
estimates for each value ef Comparing Figures 2(a), 2(b) and

Solve using NNLSA; = minaso |[|Q — KASAT KT
NOTmaliZe:Aij = Ah]/(zz Alij)

Solve using NNLSS: = minso |Q — KASATK™|]? 2(c) to Figures 2(d), 2(e) and 2(f), we observe that the estimates
Normalize:S = S;/(17511) of P(z|s) obtained by NNMF-HMM procedure are comparable to
Solve using NNLS A5 = minaso ||Q — K AyaSATKT||? the estimates obtained using Baum-Welch algorithm.
Normalize: A;; = Agi; /(Y. Asij) Next, we provide quantitative comparisons. First, we com-
until |O — KASAT K| haszconverged pare the total run time (includes the time for each of the 5 random

initializations) of Baum-Welch and NNMF-based approach as a
function ofn, the number of samples. For each fixed value: of

) ) we generate 10 independent realizations of the data and compute
4.1. Discrete Observations the mean of the 10 values of the total runtime. We also compare

We tested the performance of the proposed algorithm using a toythe log-likelihood and the Hellinger distance to the tiigz|s)
example. We considered a HMM with = 3 states. We used the  for the two methods. Similar to the runtime, we report the mean

following transition matrix values of log likelihood and Hellinger distance across 10 indepen-
dent datasets for each valuerof The total Hellinger distance was
0 09 0.1 computed agi* = "% dy(P(x|s = 1), P(z|s = i)), where
[S(s2ls1)]=10 0 1 (11)
10 0 T
dir(p.a) = 5 > (VB; — vV@)*

to produces(i + 1) = sg givens(i) = s;. To produce the ob-
servations, we first created according to the conditional model
given byz'|s = 1 ~ N (11,2), 2'|s = 2 ~ N(16,3), 2'|s = The results are shown in Fig. 3. We observe that the NNMF-HMM
3 ~ UJ16,26]. Then, we generatedby roundingz’ to the nearest ~ is about two orders of magnitude faster than Baum-Welch algo-
integer. Following this model, we generated the data for different rithm, while providing comparable values of log-likelihood. The
values ofn, n = 10, n = 10* andn = 10° observations. The Hellinger distance of NNMF-HMM procedure is higher compared
joint probability of two consecutive observatio@$z1, =) is then to Baum-Welch since NNMF-HMM optimizes least squares cti-
formed by (3) and Algorithm 1 described in Section 3 was applied terion instead of maximum likelihood. We note that alternative
to estimateP(x|s) andS(s1, s2). The convergence criterion used ~ formulations of NNMF-HMM such as (5) can be potentially used
was that the absolute difference between the current value of theto obtain lower values of Hellinger distances.
error (given by||Q — PSPT||?) and the previous value of error The complexity of Baum-Welch algorithmd®(7; L?n) where
should be less tharD 5. Since the NNMF-HMM algorithm con- 11 is the number of iterations required for the Baum-Welch pro-
verges to local optimum, we repeat the procedure with 5 random cedure to converge. The computational complexity of each iter-
initializations and use the solution with the highest log likelihood. ation of the Baum-Welch algorithm is quadratic in the num-
For each value of (the number of samples), we generate the data ber of states, and linear im, the length of the data sequence. In
10 times and obtain0 independent estimates B x|s) presented the NNMF-HMM procedure, the creation @ matrix involves
in Figures 2(a), 2(b) and 2(c). We observe that anO(n) operation. Each iteration of NNMF-HMM algorithm re-
o Despite the overlap between the supports of the probabil- AUires inversion of\f x L matrix, which takesD(M?L + L).
ity models for the observations, the estimator was able to Usually L < M and hence, the total complexity of our method
extractP(z|s) in areas of overlap. is O(n + Io(M~ L)) wherel, is the number of iterations required

. . . by the NNMF-HMM procedure. If, > M?L, the complexity of
¢ De§p|te the nop-Gaus&an nature Bfz|s = 3), it was our method is jusO(n), whereas the Baum-Welch procedure has

estimated consistently. complexityO(I; L*n), which indicates that our method is roughly
e Asn increases, the estimates concentrate around the trueQ (I, L?) times faster than Baum-Welch. #f > M, our method

Jj=1

value of P(x|s). is more than an order of magnitude faster than the Baum-Welch
procedure as shown in Fig. 3(a). We note that the NNMF-HMM
4.2. Comparison to Baum-Welch algorithm - Discrete case procedure can also be used as a good initialization procedure to

. ) o . reducel;, the number of Baum-Welch iterations.
In this section, we present both qualitative and quantitative com-

parisons of the proposed approach to the Baum Welch algorithm.
For qualitative comparison, we provide th¥z|s) estimates ob-
tained by the two methods. For quantitative evaluation, we com- To evaluate the continuous observations estimator in Section 2.2,
pare the log likelihood, Hellinger distance #f(z|s) to the true we generated data using the same setup as in Section 4.1, but omit-

4.3. Continuous observations
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Fig. 3. Comparison of NNMF-HMM to Baum-Welch algorithm for the discrete obatons case a) Run time, b) Log-likelihood and c)
Hellinger distance to originaP(z|s).
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Fig. 4. Comparison of NNMF-HMM to Baum-Welch algorithm
for the continuous casei(z|s) for n = 5000. Each figure con-
tains 10 different estimates pfx|s).

ted the rounding of:’ to the nearest integer. We considered the
Gaussian kernel and used the ML bandwidth estimator [8]. We
usedn = 5000 andm = [v/nL + L?] = 123. For obtaining

the NNLS solution in Algorithm 2, we used projected Landweber
iterations. As before, we repeated the proceduréimes to pro-
ducel0 independent estimates pfx|s), which are presented in
Fig. 4(a). We observe that, as in the discrete case, the estimato
was able to extrach(x|s) even in areas where the distributions
overlap.

4.4. Comparison to Baum-Welch algorithm - Continuous case

To compare the performance of NNMF-HMM to Baum-Welch for
the continuous case, we consider the HMM with mixture of Gaus-
sians outputs in the HMM toolbox [10] i.e. we fit a GMM for
each of thep(z|s). Due to the computationally intensive nature of
the continuous case, we just present qualitative results for one of

the settings. We generated data as described in Section. 4.3. We

fixed the number of mixture components tode= 123. Since

the Baum-Welch algorithm can only approximate the solution (us-
ing a Gaussian mixture to approximate the uniform distribution),
we allow it to use a comparable number of mixture components
as with the NNMF-HMM algorithm. As before, we generate the
data 10 times and obtain 10 different estimateg(afs). The 10
estimates forP(x|s = 4) with + = 1,2, 3 for the NNMF-HMM
algorithm are presented in Fig. 4(a) and for the Baum Welch al-
gorithm in Fig. 4(b). Comparing the two figures in Fig. 4, we can
observe that the estimates produced by NNMF-HMM follow the

original distributions more accurately, especially for the uniform
distribution.

5. CONCLUSION

We presented a novel algorithm for estimating the parameters of
an HMM through the application of NNMF to the joint proba-
bility distribution of two consecutive observations. Specifically,
we presented a solution for the discrete observation model and
extended the results to continuous observation through the non-
parametric approach using kernel density estimation. For the dis-
crete case, we showed that our algorithm can be significantly faster
than the Baum-Welch algorithm while providing comparable val-
ues of log-likelihood. For the continuous case, we showed that our
algorithm can produce more accurate solutions for non-Gaussian
densities. The simplicity and computational efficiency of the al-
gorithm makes it attractive both as an alternative to existing al-
gorithms (such as the Baum-Welch algorithm) and as a possible
initialization method to more accurate but cumbersome methods.
Future work will explore the application of these algorithms to real
world datasets.
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