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Abstract
This paper studies the construction of p-values
for nonparametric out-of-distribution detection,
taking a multiple-testing perspective. The goal is
to test whether new independent samples belong
to the same distribution as a reference data set
or are outliers. We propose a solution based on
conformal inference, a broadly applicable frame-
work which yields p-values that are marginally
valid but mutually dependent for different test
points. We prove these p-values are positively
dependent and enable exact false discovery rate
control, although in a relatively weak marginal
sense. We then introduce a new method to com-
pute p-values that are both valid conditionally on
the training data and independent of each other for
different test points; this paves the way to stronger
type-I error guarantees. Our results depart from
classical conformal inference as we leverage con-
centration inequalities rather than combinatorial
arguments to establish our finite-sample guaran-
tees. Furthermore, our techniques also yield a
uniform confidence bound for the false positive
rate of any out-of-distribution detection algorithm,
as a function of the threshold applied to its raw
statistics. Finally, the relevance of our results is
demonstrated by numerical experiments on real
and simulated data.

1. Introduction
We consider the out-of-distribution (OOD) detection prob-
lem in which one observes an in-distribution data set
D = {Xi}2ni=1 containing 2n independent and identically
distributed points Xi ∈ Rd drawn from an unknown distri-
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bution PX (which may be continuous, discrete, or mixed).
The goal is to test which among a new set of ntest ≥ 1 inde-
pendent observations Dtest = {X2n+i}ntest

i=1 are outliers, in
the sense that they were not drawn from the same distribu-
tion PX . By contrast, we refer to points drawn from PX as
inliers. A variety of machine-learning tools have been devel-
oped to address this classification task (e.g., Hendrycks &
Gimpel, 2016; Liang et al., 2017; Lee et al., 2018b;a) , which
is sometimes referred to as one-class classification (Moya
et al., 1993; Pimentel et al., 2014). They often produce a
score for each test point measuring the abnormality. How-
ever, such algorithms are often complex and their scores are
not directly covered by any precise statistical guarantees.

Fortunately, conformal inference (Vovk et al., 1999; 2005)
allows one to practically convert the output of any one-class
classifier (if it is invariant to the ordering of the training
observations) into a provably valid p-value for the null hy-
pothesisH0,i : Xi ∼ PX , for any Xi ∈ Dtest. The confor-
mal p-value provides a calibrated measure of abnormality
in finite samples without any distributional assumptions.
Therefore, thresholding the p-value at level α controls the
Type-I error at the same level for each single test point.
Conformal inference has been applied before in the context
of outlier detection (Laxhammar & Falkman, 2015; Smith
et al., 2015; Ishimtsev et al., 2017; Guan & Tibshirani, 2019;
Cai & Koutsoukos, 2020; Haroush et al., 2021).

Despite the desirable property of conformal p-values, there
is another challenge that has yet to be addressed. For mod-
ern machine learning applications, the number of outlier
tests, ntest, is large and, therefore, it may be necessary to
account for multiple comparisons to avoid making an ex-
cessive number of false discoveries. A meaningful error
rate in this setting is the false discovery rate (FDR) (Ben-
jamini & Hochberg, 1995): the expected proportion of true
inliers among the test points reported as outliers. From a
statistics perspective, multiple testing in this setting requires
some care because classical conformal p-values correspond-
ing to different values of i > 2n are independent of each
other only conditional on D, although they are valid only
marginally over D. This situation is delicate because FDR
control typically requires p-values that either are mutually
independent or follow certain patterns of dependence (Ben-
jamini & Yekutieli, 2001; Clarke et al., 2009). Similarly,
global testing (i.e., aggregating evidence from multiple ob-
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Figure 1: Visualization of the joint distribution of the conformal
p-values. The distribution of ŝ(x) is the same for calibration and
inlier test points. The conformal p-value for each test point is the
number of calibration points to its left, divided by the total number
of calibration points plus one, as in (1).

servations to test weaker batch-level hypotheses) may also
require independent p-values. This paper addresses the
above issues by carefully studying the theoretical proper-
ties of some standard multiple testing procedures applied
to conformal p-values, and by developing new methods to
compute p-values with stronger validity properties.

2. Marginal Conformal P-values
The conformal inference methods studied in this paper are
statistical wrappers for any one-class classifiers. The latter
are algorithms trained on data clean of any outliers to com-
pute a score function ŝ : Rd → R assigning a scalar value
to any future data point, so that smaller (for example) values
of ŝ(X) provide evidence that X may be an outlier.

After training ŝ on a subset of the observations in D,
namely those in Dtrain = {X1, . . . , Xn}, the scores are
evaluated on the remaining n hold-out samples in Dcal =
{Xn+1, . . . , X2n}. (Note that Dtrain and Dcal do not need
to contain the same number of observations, although the
current choice simplifies the notation without loss of gener-
ality). For a test point x, the marginal conformal p-value is
then defined as

û(marg)(x) =
1 + |{i ∈ Dcal : ŝ(Xi) ≤ ŝ(x)}|

n+ 1
. (1)

It is well-known (Vovk et al., 2005) that û(marg)(X2n+1) is
marginally super-uniform (conservative) in the sense that

P
[
û(marg)(X2n+1) ≤ t

]
≤ t, (2)

for any t ∈ (0, 1), whenever X2n+1 is an inlier. We say
these p-values are marginally valid because they depend on
the calibration data in Dcal, and both Dcal and X2n+1 are
random in (2).

Notably, marginal p-values corresponding to different test
points, {û(marg)(X)}X∈Dtest , are not mutually independent
because they are all affected by Dcal; see Figure 1 for a
visualization of this dependence. This should be taken
into account when adjusting for multiplicity in OOD detec-
tion applications because some common testing procedures
are not generally valid for dependent p-values. We show
that the dependence among marginal p-values invalidates
Fisher’s combination test (Fisher, 1925) for the global null
that there are no outliers in Dtest. By contrast, we can

prove the dependence between conformal p-values does not
break the Benjamini-Hochberg (BH) procedure (Benjamini
& Hochberg, 1995) for FDR control.

2.1. A negative result: global testing with conformal
p-values can fail

Fisher’s combination test (Fisher, 1925) is a widely-used
method to test the global null, in our case

H0 : X2n+1, . . . , X2n+m
i.i.d.∼ PX .

The idea is to aggregate the evidence from the individual
tests, as follows. Given a p-value pi for each null hypothesis
i, Fisher’s test rejects the global null at level α if

−2

m∑
i=1

log pi ≥ χ2(2m; 1− α),

where χ2(2m; 1− α) is the (1− α)-th quantile of the chi-
square distribution with 2m degrees of freedom. This test
is valid if the p-values stochastically dominate Unif([0, 1])
and are independent of each other. However, we prove in the
following theorem that Fisher’s combination test becomes
invalid when applied to marginal conformal p-values in the
asymptotic regime where |Dtest| is proportional to |Dcal|.
Theorem 1. Assume that ŝ(X) is continuous and let pi =
û(marg)(X2n+i). Then, under the global null, if m = bγnc
for some γ ∈ (0,∞), as n tends to infinity,

P

[
−2

m∑
i=1

log pi ≥ χ2(2m; 1− α)

]
→ Φ̄

(
z1−α√
1 + γ

)
,

where z1−α and Φ̄ denote the (1− α)-th quantile and tail
function of the standard normal distribution, respectively.

Since γ > 0, the marginal type-I error is always larger than
α whenever α < 0.5. For illustration, consider α = 5%.
When γ = 3, the type-I error is as large as 20.5%; when
γ →∞, the type-I error is approaching 50%. This demon-
strates the substantial adverse effect of dependence among
marginal conformal p-values for Fisher’s combination test.
In Appendix B.2, we show that corrections of Fisher’s com-
bination test are possible.

2.2. A positive result: conformal p-values do not
invalidate the BH procedure

Certain multiple testing methods, such as the BH procedure,
are known to be robust to a particular type of mutual p-value
dependence called positive regression dependent on a subset
(PRDS) (Benjamini & Yekutieli, 2001).
Definition 1 (PRDS). A random vector X =
(X1, . . . , Xm) is PRDS on I0 ⊂ {1, . . . ,m} if for
any i ∈ I0 and any increasing set D, the probability
P[X ∈ D | Xi = x] is increasing in x.
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Above, for vectors a and b of equal dimension, we say a � b
if every coordinate of a is no smaller than the corresponding
coordinate of b, and a set D ⊂ Rm is increasing if a ∈ D
and b � a implies b ∈ D. The PRDS property is a demand-
ing form of positive dependence which can be interpreted,
loosely speaking, as saying all pairwise correlations are
positive. We show in the following theorem that marginal
conformal p-values are PRDS on the set of inliers.

Theorem 2. Assume that ŝ(X) is continuous. Con-
sider m test points X2n+1, . . . , X2n+m such that the in-
liers are jointly independent of each other and of the
data in D. Then, the marginal conformal p-values
(û(marg)(X2n+1), . . . , û(marg)(X2n+m)) are PRDS on the set
of inliers.

It follows from Theorem 2 that marginal conformal p-values
can be used to control the FDR with the BH procedure in
finite samples for the null hypotheses

H0,i : Xi ∼ PX , i ∈ {2n+ 1, . . . , 2n+m}.

Corollary 1 (Benjamini and Yekutieli (Benjamini & Yeku-
tieli, 2001)). In the setting of Theorem 2, the BH procedure
applied to (û(marg)(X2n+1), . . . , û(marg)(X2n+m)) at level
α ∈ (0, 1) controls the FDR at level α. That is,

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α, (3)

where H0 = {i : H0,i holds} ⊆ {2n + 1, . . . , 2n + m}
is the subset of true inliers in the test set, and R ⊆ {2n +
1, . . . , 2n+m} is the subset of test points reported as likely
outliers.

3. Calibration-conditional conformal p-values
3.1. Warm up: analyzing the false positive rate

Having noted that conformal inferences hold in theory only
marginally over the calibration data, the first question one
may ask is: how bad can these inferences be conditional on
a particular calibration set? We will address this question by
developing high-probability bounds for the conditional de-
viation from uniformity of marginal p-values, starting here
from the simplest case of pointwise bounds. The purpose
of a pointwise bound is to control the probability that a null
p-value (corresponding to a true inlier) is smaller than α,
conditional on D, for some fixed threshold α ∈ (0, 1). In
other words, we wish to understand the conditional false
positives rate (FPR) corresponding to the threshold α,

FPR(α;D) := P
[
û(marg)(X2n+1) ≤ α | D

]
, (4)

beyond what we know from the marginal guarantee in (2),
which is E [FPR(α;D)] ≤ α. The quantity in (4) can be
studied precisely with existing results due to Vovk (2012),

which is formalized in Proposition 1 below. We revisit this
topic here because it serves as an intuitive introduction to the
more involved high-probability bounds that we will propose
later.

Proposition 1 (Pointwise FPR of marginal conformal p-val-
ues, adapted from Vovk (2012)). Let ` = b(n + 1)αc. If
ŝ(X) is continuous, FPR(α;D) follows a BETA(`, n+ 1−
`) distribution.

This shows precisely how a smaller Dcal makes marginal
p-values more conservative on average, but also more likely
to be overly liberal on occasion. While this result is informa-
tive, it is limited for our purposes because it provides only
a pointwise bound—it takes α as fixed—whereas uniform
bounds are needed to construct conditionally valid p-values
that can be safely used with any multiple-testing procedure,
as discussed in the next section.

3.2. Conditionally valid conformal p-values

Proposition 1 implies marginal conformal p-values may be
anti-conservative conditional on D. We discuss a generic
strategy to adjust the marginal conformal p-values into valid
p-values conditional on D in Appendix B.5. The following
theorem describes a specific strategy based on the general-
ized Simes inequality (Sarkar et al., 2008).

Theorem 3 (Simes adjustment). Fix any integer k < n. Let
h : [0, 1] 7→ [0, 1] be a piece-wise constant function with

h(t) = bd(n+1)te, t ∈ [0, 1],

where, for any i = 1, . . . , n,

bn+1−i = 1− δ1/k
(
i · · · (i− k + 1)

n · · · (n− k + 1)

)1/k

.

Let also û(ccv) = h ◦ û(marg). Then

P
[
P
[
û(ccv)(X2n+1) ≤ t | D

]
≤ t, ∀t ∈ (0, 1)

]
≥ 1− δ.

Figure 2 illustrates the adjustment function h with n =
500 and k = n/2. For example, a marginal p-value of
û(marg)(X) = 25/(n+ 1) ≈ 0.05 results in a CCV p-value
of h(25/(n + 1)) = b25 ≈ 0.075 in this case. While the
adjustment is very conservative when the marginal confor-
mal p-value is large, it typically does not matter in multiple
testing problems, as it is the small ones that determine which
hypotheses are rejected.

When X2n+1, . . . , X2n+m are independent, the conditional
conformal p-values û(ccv)(X2n+1), . . . , û(ccv)(X2n+m) are
independent conditional on D. Therefore, with probability
at least 1 − δ in D, the Fisher’s combination test would
control the Type-I error for the global null and the BH
procedure would control the FDR, conditional on D.
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Figure 2: Illustration of Theorem 7. The red curve gives the
sequence derived by Simes adjustment with k = n/2 = 250 and
the black curve gives the 45-degree line. The right panel zooms in
on small indices.

4. Numerical Experiments
Suppose we can access J copies of inlier datasets
D1, . . . ,DJ and L copies of test sets Dtest

j,1 , . . . ,Dtest
j,L for

each j. The conditional FDR is defined as

cFDR(Dj) := E
[
FDP(Dtest;Dj) | Dj

]
,

where FDP(Dtest;Dj) is the proportion of inliers among the
test points reported as outliers, based on the procedure cali-
brated on Dj . This motivates the definition of the following
performance measures. For any j ∈ [J ], we compute

ĉFDR(Dj) :=
1

L

L∑
l=1

FDP(Dtest
j,l ;Dj), (5)

ĉPower(Dj) :=
1

L

L∑
l=1

Power(Dtest
j,l ;Dj), (6)

where Power(Dtest
j,l ;Dj) is the proportion of outliers in

Dtest
j,l correctly identified as such. Our experiments will

demonstrate that the proposed simultaneous calibration
method leads to sufficiently small ĉFDR(Dj) for the desired
fraction of Dj’s, while the traditional point-wise calibration
generally only leads to small values of the marginal FDR,
namely m̂FDR := 1

J

∑J
j=1 ĉFDR(Dj).

In Appendix D, we will investigate the performance of
marginal and conditional conformal p-values on various
simulated and real datasets. Here we present the results
on the credit card data set 1 for illustration. The dataset
involves 284, 315 samples in R30 with 492 outliers. To
estimate the performance measures, we need to construct
multiple training, calibration, and test sets by randomly
splitting the ninlier inlier examples into three disjoint sub-
sets of size ntrain, ncal and ntest, respectively. A total of
ninlier/2 data points is used for training and calibration, i.e.,
ntrain + ncal = ninlier/2 with ncal = min{2000, ntrain/2},
while outlier examples are only included in the test sets. For

1The dataset is available at http://www.ulb.ac.be/
di/map/adalpozz/data/creditcard.Rdata.

each training/calibration data subset, we sample 100 test sets
of size ntest = min{2000, ntrain/3}. Each test set contains
90% of randomly chosen inliers, and 10% of outliers.

We utilize an isolation forest (Liu et al., 2008) machine-
learning algorithms ŝ as the base method for detecting
anomalies, available in the Python sklearn package. We
rely on the default hyper-parameters, except for the ‘con-
tamination’ parameter which we set equal to 0.1.

Figure 3 compares the performance of marginal and simul-
taneously calibrated p-values as a function of the nominal
FDR level. Here, the BH procedure is applied. Note that
the proposed Simes simultaneous calibration leads to FDR
control for at least 90% of inlier datasets, as expected. This
stands in contrast with the marginal calibration approach,
which controls the FDR only marginally.

FDR above nominal Power
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Figure 3: Performance of OOD detection on credit card fraud data.
The BH procedure is applied on marginal and conditional confor-
mal p-values to control the FDR over the set of test points. The box
plots visualize the distribution of the (conditional) excess FDR and
power, as defined in (41), conditional on 100 independent data sets.
The solid curves indicate the 90-th quantile of the conditional FDR
distribution. The nominal FDR 0.1, and the conditional method is
applied with δ = 0.1.

5. Discussion
We discussed statistical techniques to calibrate the Type-
I errors for OOD detection. In some applications, false
negatives are substantially more costly than false positives,
in which case it is more appropriate to control Type-II error
than Type-I error. Not surprisingly, it is generally impossible
if only in-distribution data are available; in the extreme
case the outlier distribution can be arbitrarily close to the
inlier distribution to the extent that controlling Type-II error
becomes impossible.

Nevertheless, Type-II error control is possible with labelled
OOD samples. A naive idea is to flip the in-distribution and
OOD samples and treat the latter as the null. We can further
make the score more informative by training a classifier to
distinguish the in-distribution and OOD samples. The caveat
is that this approach guarantees Type-II error control only
if the labelled OOD samples are sufficiently representative.
We leave this investigation for future research.

http://www.ulb.ac.be/di/map/adalpozz/data/ creditcard.Rdata
http://www.ulb.ac.be/di/map/adalpozz/data/ creditcard.Rdata
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Appendix

A. Related Work
The out-of-distribution detection problem considered in this paper is fully non-parametric, in the sense that we leverage the
information contained in an external clean data set, and nothing else, to infer whether a future test point may be an outlier.
This is in contrast with the more classical problem of multivariate outlier detection within a single data set, leveraging
modeling assumptions rather than clean external samples (Wilks, 1963; Hawkins, 1980; Riani et al., 2009; Cerioli, 2010). A
wealth of data mining and machine-learning methods have been developed to address our non-parametric task (Khan &
Madden, 2014; Agrawal & Agrawal, 2015; Aggarwal, 2015; Sabokrou et al., 2018; Chalapathy & Chawla, 2019); these
do not provide precise finite-sample guarantees on their own, but we can leverage them to compute scoring functions that
powerfully separate outliers from inliers.

Our paper is based on conformal inference (Vovk et al., 1999; 2005), which has been applied before in the context of
outlier detection (Laxhammar & Falkman, 2015; Smith et al., 2015; Ishimtsev et al., 2017; Guan & Tibshirani, 2019; Cai &
Koutsoukos, 2020; Haroush et al., 2021). However, previous works did not study the implications of marginal p-values
on the validity of multiple outlier testing procedures, nor did they seek the conditional guarantees obtained here. Another
line of work applied conformal inference to test the global null for streaming data (Vovk et al., 2003; Fedorova et al.,
2012; Vovk, 2019; 2020; Vovk et al., 2021). However, the guarantee no longer holds in the offline setting or beyond the
global null. The most closely related work is that of (Vovk, 2012), which extends conformal inference to provide a form of
calibration-conditional coverage. That paper focused explicitly on the prediction setting rather than on outlier detection, but
is also directly relevant in our context, as discussed in Section 3.1. The main difference is that our novel high-probability
bounds in Section 3 hold simultaneously for all possible coverage levels (in the language of (Vovk, 2012)) not just for a
pre-specified one—this feature being necessary to obtain conditionally valid p-values for multiple outlier testing.

Other works on conformal inference focused on different types of conditional coverage. For example, (Barber et al., 2019)
studied the difficulty of computing valid conformal predictions (in a supervised setting) conditional on the features of a new
test point, while we are interested in conditioning on the calibration data (in an outlier detection setting). Other works have
focused on seeking approximate feature-conditional coverage in multi-class classification (Hechtlinger et al., 2018; Romano
et al., 2020; Cauchois et al., 2020; Angelopoulos et al., 2020) or in regression problems (Romano et al., 2019; Izbicki et al.,
2020; Chernozhukov et al., 2019; Kivaranovic et al., 2020; Gupta et al., 2019). This paper is orthogonal, in the sense that
our results could be applied to strengthen their coverage guarantees by conditioning on the calibration data. It should be
noted that, although conformal inference can be based on different data hold-out strategies (Vovk, 2015; Barber et al., 2021;
Kim et al., 2020), our paper focuses on sample splitting (Papadopoulos et al., 2002; Lei et al., 2013). The latter has the
advantage of being the most computationally efficient option, and is necessary for us in theory because our high-probability
bounds require the independence of the data points in addition to their exchangeability.

Further, the problem we consider is related to classical two-sample testing (Wilcoxon, 1992), although we take a different
perspective. Two-sample testing compares two data sets to determine whether they were sampled from the same distribution,
while our goal is to contrast many independent test points (or batches thereof) to the same reference set accounting for
multiplicity. In any case, several recent works have explored the use of machine-learning and data hold-out methods for
two-sample testing (Friedman, 2004; Lopez-Paz & Oquab, 2017; Kuchibhotla, 2020; Hu & Lei, 2020; Kim et al., 2021),
which reinforces the connection with our work.

Finally, the duality between hypothesis testing and confidence intervals connects our conditionally calibrated p-values to
the classical statistical topic of tolerance regions, which goes back to Wilks (Wilks, 1941; 1942), Wald (Wald, 1943), and
Tukey (Tukey, 1947). See (Krishnamoorthy & Mathew, 2009) for a overview of the subject, (Vovk, 2012) for a discussion
of their connection with conformal inference, and (Park et al., 2020; Bates et al., 2021) for modern examples using
tolerance regions for predictive inference with neural networks. (Tolerance regions are predictive sets with a high-probability
guarantee to contain the desired fraction of the population. For example, one can generate a tolerance region guaranteed to
contain at least 80% of the population with probability 99%.) The construction of predictive intervals with (asymptotic)
conditional validity in the aforementioned sense was also recently studied in (Zhang & Politis, 2020) with bootstrap rather
than conformal inference methods.
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B. Theoretical Results and Technical Proofs
B.1. Correlation structure of null marginal conformal p-values

For notational convenience, we write pi instead of û(marg)(X2n+i). When X2n+1, . . . , X2n+m are all inliers which are
drawn from PX , the conformal p-values p1, . . . , pm are exchangeable. We prove in the following lemma that the standard
(marginal) conformal p-values are positively correlated under arbitrary transformations, suggesting an inflation of the
variance of the combination statistics.

Lemma 1. Assume that ŝ(X) is continuous. Then, for any function G : [0, 1] 7→ R, and for any pair of nulls (i, j),

Cor
[
G(û(marg)(X2n+i)), G(û(marg)(X2n+j))

]
=

1

n+ 2
.

Lemma 1 suggests that the variance of the combination statistic with any transformation G(·) is (1 + γ) times as large as
that when the p-values are i.i.d.. In fact, when G(·) is square-integrable, under the global null,

Var

[
m∑
i=1

G(pi)

]
= mVar [G(p1)] +m(m− 1)Cov [G(p1), G(p2)]

=

(
m+

m(m− 1)

n+ 2

)
Var [G(p1)]

≈ (1 + γ)mVar [G(p1)] .

Proof of Lemma 1. Without loss of generality, assume i = 1 and j = 2. Let (R1, . . . , Rn, Rn+1, Rn+2) be the rank of
(S1, . . . , Sn+2)

d
= (ŝ(Xn+1), . . . , ŝ(X2n), ŝ(X2n+1), ŝ(X2n+2)) in the ascending order. Then S1, . . . , Sn+2 are i.i.d. draws

from a non-atomic distribution, (R1, . . . , Rn+2) are mutually distinct almost surely and for any permutation π : {1, . . . , n+
2} 7→ {1, . . . , n+ 2},

(Sπ(1), . . . , Sπ(n+2))
d
= (S1, . . . , Sn+2).

Therefore,
(R1, . . . , Rn+2) ∼ Unif({1, . . . , n+ 2}).

By definition,

p1 =
1

n+ 1

n+1∑
i=1

I(Si ≤ Sn+1), Rn+1 =

n+2∑
i=1

I(Si ≤ Sn+1).

Thus,

p1 =
Rn+1 − I(Sn+2 ≤ Sn+1)

n+ 1
.

Similarly,

p2 =
Rn+2 − I(Sn+1 ≤ Sn+2)

n+ 1
.

For any j ∈ {1, . . . , n+ 1},

P
[
p1 = p2 =

j

n+ 1

]
= P [Rn+1 = j + 1, Rn+2 = j] + P [Rn+1 = j, Rn+2 = j + 1]

= 2P [Rn+1 = j + 1, Rn+2 = j] =
2

(n+ 2)(n+ 1)
.

For any 1 ≤ j < k ≤ n+ 1,

P
[
p1 =

j

n+ 1
, p2 =

k

n+ 1

]
= P [Rn+1 = j, Rn+2 = k + 1] =

1

(n+ 2)(n+ 1)
.
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By symmetry,

P
[
p1 =

k

n+ 1
, p2 =

j

n+ 1

]
=

1

(n+ 2)(n+ 1)
.

As a result,

E[G(p1)G(p2)] =
2

(n+ 2)(n+ 1)

n+1∑
j=1

G2

(
j

n+ 1

)
+

1

(n+ 2)(n+ 1)

∑
j 6=k

G

(
j

n+ 1

)
G

(
k

n+ 1

)

=
1

(n+ 2)(n+ 1)

n+1∑
j=1

G2

(
j

n+ 1

)
+

1

(n+ 2)(n+ 1)


n+1∑
j=1

G

(
j

n+ 1

)
2

.

On the other hand, since p1 is uniformly distributed on {1/(n+ 1), 2/(n+ 1), . . . , 1},

E[G(p1)] =
1

n+ 1

n+1∑
j=1

G

(
j

n+ 1

)
, E[G2(p1)] =

1

n+ 1

n+1∑
j=1

G2

(
j

n+ 1

)
.

Note that E[G2(p1)] <∞ since G(i/(n+ 1)) ∈ R. As a result,

Cov [G(p1), G(p2)] =
1

(n+ 2)(n+ 1)

n+1∑
j=1

G2

(
j

n+ 1

)
− 1

(n+ 2)(n+ 1)2


n+1∑
j=1

G

(
j

n+ 1

)
2

=
1

n+ 2

{
E[G2(p1)]− (E[G(p1)])2

}
=

1

n+ 2
Var[G(p1)].

Therefore,

Cor [G(p1), G(p2)] =
Cov [G(p1), G(p2)]√
Var[G(p1)]Var[G(p2)]

=
1

n+ 2
.

B.2. Failure of type-I error control with combination tests

We state a theorem for general (adjusted) combination tests which reject the global null if

m∑
i=1

G(û(marg)(Z2n+i)) ≥ ξc1−α(G)−m(ξ − 1)

∫ 1

0

G(u)du, (7)

where ξ > 0 is a pre-specified constant and

c1−α(G) , Quantile1−α

(
m∑
i=1

G(Ui)

)
, Ui

i.i.d.∼ Unif([0, 1]).

Theorem 4. Assume ŝ(X) is continuous and G(·) : [0, 1] 7→ R is a non-constant function satisfying

(i)
∫ 1

0
G2+η(u)du <∞;

(ii)
∣∣ 1
n+1

∑n+1
j=1 G

k (j/(n+ 1))−
∫ 1

0
Gk(u)du

∣∣ = o(1/
√
n), for k ∈ {1, 2};

(iii) maxj∈{1,...,n+1}G(j/(n+ 1)) = o(
√
n).

Then, under the global null, if m = bγnc for some γ ∈ (0,∞), as n→∞,

P

[
m∑
i=1

G(û(marg)(X2n+i)) ≥ ξc1−α(G)−m(ξ − 1)

∫ 1

0

G(u)du

]
→ Φ̄

(
ξz1−α√
1 + γ

)
, (8)
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where z1−α and Φ̄ denote the (1− α)-th quantile and the tail function of the standard normal distribution, respectively.
Furthermore, under the same asymptotic regime, for W ∼ N(0, 1),

P

[
m∑
i=1

G(û(marg)(X2n+i)) ≥ ξc1−α(G)−m(ξ − 1)

∫ 1

0

G(u)du | D

]
d→ Φ̄(ξz1−α +

√
γW ). (9)

Remark 1. For Fisher’s combination test, G(u) = −2 log u. Since G(U) ∼ χ2(2), condition (i) is clearly satisfied. To
verify (ii), we note that G(u) is decreasing and |G′(u)| = 2/u is decreasing. Thus, for u ∈ [(j − 1)/(n+ 1), j/(n+ 1)],
for k ∈ {1, 2},

0 ≤ Gk(u)−Gk
(

j

n+ 1

)
≤ k

n+ 1
Gk−1

(
j

n+ 1

)
G′
(

j

n+ 1

)
≤ 8 log(n+ 1)

j
.

As a result,∣∣∣∣ 1

n+ 1

n+1∑
j=1

Gk (j/(n+ 1))−
∫ 1

0

Gk(u)du

∣∣∣∣ ≤ n+1∑
j=1

∣∣∣∣ 1

n+ 1
Gk
(

j

n+ 1

)
−
∫ j/(n+1)

(j−1)/(n+1)

Gk(u)du

∣∣∣∣
≤
n+1∑
j=1

∫ j/(n+1)

(j−1)/(n+1)

∣∣Gk (j/(n+ 1))−Gk(u)
∣∣du ≤ 1

n+ 1

n+1∑
j=1

8 log(n+ 1)

j
= O

(
log2 n

n

)
.

Thus, (ii) is proved. Finally, (iii) is satisfied because G(j/(n+ 1)) ≤ G(1/(n+ 1)) = O(log n). Therefore, Theorem 1 is a
special case of Theorem 4 with ξ = 1. In general, it is easy to verify (i)–(iii) for various other combination functions (Lipták,
1958; Van Zwet & Oosterhoff, 1967; Vovk & Wang, 2020).

Remark 2. By (8), the limiting marginal type-I error is α when ξ =
√

1 + γ. This implies (7) by noting that∫ 1

0
(−2 log u)du = 2. By (9), since the random variable Φ̄(ξz1−α +

√
γW ) has a positive density everywhere, the

(1 − δ)-th quantile of the conditional type-I error converges to the (1 − δ)-th quantile of Φ̄(ξz1−α +
√
γW ), which is

Φ̄(ξz1−α−
√
γz1−δ). Thus, the conditional type-I error is controlled at level α with probability at least 1− δ asymptotically

if ξ = 1 +
√
γz1−δ/z1−α.

Remark 3. To confirm our theory, we run Monte-Carlo simulations with n = 105 and γ ∈ {2−3, 2−2, . . . , 23}, estimating
the average type-I error across 104 samples. Since ŝ(X) is continuous, we can assume that ŝ(X) ∼ Unif([0, 1]) without
loss of generality, as we will show in the proof. Figure A1 presents the simulated and asymptotic type-I errors for both the
unadjusted (ξ = 1) and adjusted (ξ =

√
1 + γ) Fisher’s combination test given by (7) with G(u) = −2 log u.
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Figure A1: Type-I errors of unadjusted and adjusted Fisher’s combination test.



Submission and Formatting Instructions for ICML 2021 Workshop on Uncertainty and Robustness in Deep Learning

Remark 4. If the pi’s are dependent, Brown (1975) and Kost & McDermott (2002) approximate the null distribution
by a rescaled chi-square distribution cχ2(f), where c and f are chosen to match the mean and variance of the Fisher’s
combination statistic SFisher. Specifically,

c =
Var[SFisher]

2E[SFisher]
, f =

2E[SFisher]
2

Var[SFisher]
.

In our case, it is easy to see that

E[SFisher] ≈ 2m, Var[SFisher] ≈ 4m(1 + γ).

As a result, the null distribution is approximated by (1 + γ)χ2(2m/(1 + γ)). The central limit theorem implies that
χ2(f) ≈ N(f, 2f) when f is large. Thus, the critical value for this approximation is

(1 + γ)χ2(2m/(1 + γ); 1− α) ≈ (1 + γ)

(
2m

1 + γ
+

√
2m

1 + γ
z1−α

)
= 2m+

√
2m(1 + γ)z1−α.

Similarly, the critical value for our correction (7) is√
1 + γχ2(2m; 1−α)−2(

√
1 + γ−1)m ≈

√
1 + γ(2m+

√
2mz1−α)−2(

√
1 + γ−1)m ≈ 2m+

√
2m(1 + γ)z1−α.

Therefore, both corrections are asymptotically equivalent.

To prove Theorem 4, we start by stating two lemmas. The first lemma is a general Berry-Esseen bound for sums of
independent (but not necessarily identically distributed) random variables with potentially infinite third moments.

Lemma 2. [Petrov (1975), p. 112, Theorem 5] Let X1, X2, . . . , Xn be independent random variables such that E[Xj ] = 0,
for all j. Assume also E[X2

j g(Xj)] <∞ for some function g that is non-negative, even, and non-decreasing in the interval
x > 0, with x/g(x) being non-decreasing for x > 0. Write Bn =

∑
j Var[Xj ]. Then,

dK

L
 1√

Bn

n∑
j=1

Xj

 , N(0, 1)

 ≤ A

Bng(
√
Bn)

n∑
j=1

E
[
X2
j g(Xj)

]
,

where A is a universal constant, L(·) denotes the probability law, dK denotes the Kolmogorov-Smirnov distance (i.e., the
`∞-norm of the difference of CDFs)

The second lemma is a well-known representation of the spacing between consecutive order statistics.

Lemma 3 (From Moran (1947); see also Section 4 of Arnold et al. (2008)). Let U1, . . . , Un
i.i.d.∼ Unif([0, 1]) and

U(1) ≤ U(2) ≤ . . . ≤ U(n) be their order statistics. Then

(U(1) − U(0), . . . , U(n+1) − U(n))
d
=

(
V1∑n+1
k=1 Vk

, . . . ,
Vn+1∑n+1
k=1 Vk

)
,

where U(0) = 0, U(n+1) = 1, and V1, . . . , Vn+1
i.i.d.∼ Exp(1).

Proof of Theorem 4. We first prove the limiting conditional type-I error (9). For convenience, we write pi instead of
û(marg)(X2n+i) and Sj instead of ŝ(Xn+j). Since ŝ(X) is continuous,

pi =
1 + |{j ∈ Dcal : Sj ≤ ŝ(X2n+i)}|

n+ 1
=

1 + |{j ∈ Dcal : FS(Sj) ≤ FS(ŝ(X2n+i))}|
n+ 1

where FS denotes the CDF of ŝ(X) conditional on D. As a result, we can assume ŝ(X) ∼ Unif([0, 1]) without loss of
generality. Conditional on D, p1, . . . , pm are i.i.d. random variables with

P
[
pi =

j

n+ 1
| D
]

= S(j) − S(j−1), j = 1, . . . , n+ 1,
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where S(1) < S(2) < . . . < S(n) denote the order statistics of (S1, . . . , Sn), and S(0) = 0, S(n+1) = 1. By Lemma 3, we
can reformulate the distribution of pi conditional on D as

P
[
pi =

j

n+ 1
| D
]

=
Vj∑n+1
k=1 Vk

, j = 1, . . . , n+ 1. (10)

As a result, for k ∈ {1, 2},

E
[
Gk(pi) | D

]
=

∑n+1
j=1 G

k
(

j
n+1

)
Vj∑n+1

j=1 Vj
=

(n+ 1)−1
∑n+1
j=1 G

k
(

j
n+1

)
Vj

(n+ 1)−1
∑n+1
j=1 Vj

. (11)

By the strong law of large number,
1

n+ 1

n+1∑
j=1

Vj
a.s.→ E[V1] = 1. (12)

Let gn = maxj∈{1,...,n+1}G(j/(n+ 1)). Since V1, . . . , Vn+1 are independent,

Var

 1

n+ 1

n+1∑
j=1

Gk
(

j

n+ 1

)
Vj

 =

n+1∑
j=1

1

(n+ 1)2
E
[
G2k

(
j

n+ 1

)
(Vj − 1)2

]

=
1

(n+ 1)2

n+1∑
j=1

G2k

(
j

n+ 1

)
≤ g2k−2n

(n+ 1)

1

n+ 1

n+1∑
j=1

G2

(
j

n+ 1

)
. (13)

By condition (ii), ∣∣∣∣ 1

n+ 1

n+1∑
j=1

G2

(
j

n+ 1

)
−
∫ 1

0

G2(u)du

∣∣∣∣ = o(1),

and thus
1

n+ 1

n+1∑
j=1

G2

(
j

n+ 1

)
= O(1).

By condition (iii), gn = o(
√
n). Together with (13), we obtain that for k ∈ {1, 2},

Var

 1

n+ 1

n+1∑
j=1

Gk
(

j

n+ 1

)
Vj

 = o(1).

By Chebyshev’s inequality,
1

n+ 1

n∑
i=1

Gk
(

j

n+ 1

)
(Vj − 1) = oP (1).

Applying the condition (ii) again, we arrive at

1

n+ 1

n∑
i=1

Gk
(

j

n+ 1

)
Vj −

∫ 1

0

Gk(u)du = oP (1).

By (11),

E
[
Gk(pi) | D

]
−
∫ 1

0

Gk(u)du = oP (1), k ∈ {1, 2}. (14)

Let an be a deterministic sequence such that an < 1/2, and U ∼ Unif([0, 1]). Let also En be the event that D is such that

En =

{
D :

Var[G(pi) | D]

Var[G(U)]
∈ [1− an, 1 + an]

}
. (15)
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Since G is a non-constant function, Var[G(U)] > 0. By (14), we can choose an = o(1) such that

P [Ecn] = o(1).

Let

Wm =

∑m
i=1 {G(pi)− E[G(pi) | D]}√

mVar[G(pi) | D]
.

By Lemma 2 with g(x) = x,

dK (L (Wm | D) , N(0, 1)) ≤ A√
m

E
[
|G(pi)− E[G(pi) | D]|3

]
Var[G(pi) | D]3/2

,

where A is a universal constant. Since G(pi) ≤ gn almost surely, by condition (iii),

E
[
|G(pi)− E[G(pi) | D]|3

]
≤ 2gnVar[G(pi) | D].

Thus,

dK (L (Wm | D) , N(0, 1)) ≤ 2A√
m

gn

Var [G(pi) | D]
1/2

.

On the event En, the condition (iii) and that n = O(m) imply that

dK (L (Wm | D) , N(0, 1)) ≤ 4Agn√
mVar[G(U)]

= o(1).

Since the Kolmogorov distance is invariant under rescalings, we have

dK

(
L

(√
Var[G(pi) | D]

Var[G(U)]
Wm | D

)
, N

(
0,

Var[G(pi) | D]

Var[G(U)]

))
= o(1).

Since Var[G(pi) | D]/Var[G(U)] ∈ [1− an, 1 + an]→ 1,

dK

(
N

(
0,

Var[G(pi) | D]

Var[G(U)]

)
, N(0, 1)

)
= o(1).

Let

Kn , dK

(
L

(√
Var[G(pi) | D]

Var[G(U)]
Wm | D

)
, N(0, 1)

)
. (16)

The above arguments show that Kn = o(1) on the event En.

On the other hand, let

cm =
c1−α(G)−mE[G(U)]√

mVar[G(U)]
,

and

W̃n =

√
n+ 1(E[G(pi) | D]− E[G(U)])√

Var[G(U)]
.

Then

P

[
m∑
i=1

G(pi) ≥ ξc1−α(G)−m(ξ − 1)E[G(U)] | D

]
= P

[√
Var[G(pi) | D]

Var[G(U)]
Wm +

√
m

n+ 1
W̃n ≥ ξcm | D

]
.
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By (16), ∣∣∣∣P
[√

Var[G(pi) | D]

Var[G(U)]
Wm +

√
m

n+ 1
W̃n ≥ ξcm | D

]
− Φ̄

(
ξcm −

√
m

n+ 1
W̃n

) ∣∣∣∣ ≤ Kn.

Since Kn = o(1) on En and P[Ecn] = o(1), we obtain that∣∣∣∣P
[
m∑
i=1

G(pi) ≥ c1−α(G) | D

]
− Φ̄

(
ξcm −

√
m

n+ 1
W̃n

) ∣∣∣∣ = oP (1). (17)

Since Φ̄ is a continuous function and m/n→ γ, to prove (9), it remains to prove

cm
p→ z1−α, W̃n

d→ N(0, 1). (18)

Without loss of generality, we assume that η ≤ 1 in the condition (i). By Lemma 2 with g(x) = xη, which clearly fulfills
the criteria, we have that

dK

(∑m
j=1G(Ui)− E[G(U)]√

mVar[G(U)]
, N(0, 1)

)
≤ A

mη/2

E[|G(U)− E[G(U)]|2+η]

Var[G(U)]1+η/2
= o(1). (19)

By definition, cm is the (1− α)-th quantile of
(∑m

j=1G(Ui)− E[G(U)]
)
/
√
mVar[G(U)]. By (19),

|Φ̄(cm)− α| = |Φ̄(cm)− Φ̄(z1−α)| = o(1).

Since Φ̄′(z1−α) > 0, it implies the first part of (18).

To prove the second part of (18), we recall (11) with k = 1 that

W̃n =
(n+ 1)−1/2

∑n+1
j=1

{
G
(

j
n+1

)
− E[G(U)]

}
Vj√

Var[G(U)]
(∑n+1

j=1 Vj

)
/(n+ 1)

.

Set Xj = (n+ 1)−1/2
{
G
(

j
n+1

)
− E[G(U)]

}
(Vj − 1) and g(x) = x in Lemma 2. Then

Bn =
1

n+ 1

n+1∑
j=1

{
G

(
j

n+ 1

)
− E[G(U)]

}2

.

By the condition (ii), we have that

Bn =
1

n+ 1

n∑
j=1

G2

(
j

n+ 1

)
− 2E[G(U)]

n+ 1

n∑
j=1

G

(
j

n+ 1

)
+ (E[G(U)])2 → Var[G(U)]. (20)

By the condition (i), (iii) and (20),

n+1∑
j=1

E|Xj |3 ≤
1

(n+ 1)3/2

n+1∑
j=1

∣∣∣∣G( j

n+ 1

)
− E[G(U)]

∣∣∣∣3

≤ gn + E[G(U)]√
n+ 1

1

n+ 1

n+1∑
j=1

(
G

(
j

n+ 1

)
− E[G(U)]

)2

=
gn + E[G(U)]√

n+ 1
Bn = o(1).

Let

W̃ ′n =
1√
Bn

n+1∑
j=1

Xj =
1√

(n+ 1)Bn

n+1∑
j=1

{
G

(
j

n+ 1

)
− E[G(U)]

}
(Vj − 1).
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Then Lemma 2 implies that

dK

(
W̃ ′n, N(0, 1)

)
≤
A
∑n+1
j=1 E|Xj |3

B
3/2
n

= o(1). (21)

By definition,

W̃n =

W̃ ′n +
1√

(n+ 1)Bn

n+1∑
j=1

{
G

(
j

n+ 1

)
− E[G(U)]

}√ Bn
Var[G(U)]

1(∑n
j=1 Vj

)
/(n+ 1)

.

The condition (ii) with k = 1 implies that

1√
(n+ 1)

n+1∑
j=1

{
G

(
j

n+ 1

)
− E[G(U)]

}
= o(1). (22)

By (12), (20), (21), (22) and Slutsky’s Lemma, we prove the second part of (18). Therefore, the limiting conditional type-I
error (9) is proved.

Next, we prove the limiting marginal type-I error (8). Since

P

[
m∑
i=1

G(pi) ≥ ξc1−α(G)−m(ξ − 1)E[G(U)] | D

]

is bounded almost surely, the convergence in distribution implies the convergence in expectation. Therefore,

P

[
m∑
i=1

G(pi) ≥ ξc1−α(G)−m(ξ − 1)E[G(U)]

]
→ E[Φ̄(ξz1−α +

√
γW )].

Let W ′ be an independent copy of W . Then

Φ̄(ξz1−α +
√
γW ) = P [W ′ ≥ ξz1−α +

√
γW |W ] .

As a result,
E[Φ̄(ξz1−α +

√
γW )] = P [W ′ ≥ ξz1−α −

√
γW ] = P [W ′ −√γW ≥ ξz1−α] .

The proof is completed by the fact that W ′ −√γW ∼ N(0, 1 + γ).

B.3. Conformal p-values are PRDS

Proof of Theorem 2. Let Z = (S(1), . . . , S(n)) be the order statistics of (ŝ(Xi))i∈{n+1,...,2n}, the conformal scores
evaluated on the calibration set. Let Y = (p1, . . . , pm) be the conformal p-values evaluated on the test set (i.e.,
pj = û(marg)(X2n+j)). Then,

P [Y ∈ D | Yi = y] =

∫
P [Y ∈ D | Z = z]P [Z = z | Yi = y] dz

= EZ|Yi=y [P [Y ∈ D | Z]] .

With this representation, the conclusion will be implied by the following two lemmas.

Lemma 4. For a non-decreasing set D and vectors z, z′ such that z � z′, then

P [Y ∈ D | Z = z] ≥ P [Y ∈ D | Z = z′] .

Lemma 5. For y ≥ y′, there exists Z1 ∼ Z | Yi = y and Z2 ∼ Z | Yi = y′ such that P [Z1 � Z2] = 1.
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In words, Lemma 4 states that the conformal p-values increase as the conformal scores on the calibration set decrease, while
Lemma 5 states that a larger conformal p-value indicates the calibration conformal scores are smaller. The proof follows
easily from these. Take any y ≥ y′ and let Z1 and Z2 be as in the statement of Lemma 5. Then,

P [Y ∈ D | Yi = y] = EZ1
[P [Y ∈ D | Z = Z1]]

≥ EZ2
[P [Y ∈ D | Z = Z2]]

= P [Y ∈ D | Yi = y′] .

The inequality follows from Lemma 4 and the fact that P [Z1 � Z2] = 1, which comes from Lemma 5.

Lemma 4 follows immediately from the definition of marginal conformal p-values in (1). Lemma 5 is proved below.

Proof of Lemma 5, continuous case. As in the proof of Theorem 4, since ŝ(X) is continuous, we can assume without loss
of generality that the scores Si follow the uniform distribution on [0, 1]. Let S′(1) ≤ S′(2) ≤ . . . ≤ S′(n+1) be the order
statistics of (ŝ(Xn+1), . . . , ŝ(X2n+1)) and R2n+1 be the rank of ŝ(X2n+1) among these. By definition,{

(S(1), . . . , S(n)) | R2n+1 = k, S′(1), . . . , S
′
(n+1)

}
= (S′(1), . . . , S

′
(k−1), S

′
(k+1), . . . , S

′
(n+1)).

Since ŝ(X) is continuous, R2n+1 is independent of (S′(1), S
′
(2), . . . , S

′
(n+1)). As a result, for any positive integer k ≤ n+ 1,{

(S(1), . . . , S(n)) | R2n+1 = k

}
d
= (S′(1), . . . , S

′
(k−1), S

′
(k+1), . . . , S

′
(n+1)).

The right-hand-side is clearly entry-wise non-increasing in k. Since p1 = R2n+1/(n+ 1), Lemma 5 is proved for i = 1.
The same proof carries over to other indices i.

Extension to non-continuous scores. When ŝ(X) has atoms, the set of conformity scores {ŝ(Xi) : i ∈ Dcal} have ties
with non-zero probability. In this case, we replace the marginal conformal p-value (2) by a randomized version, i.e.,

pj =
|{i ∈ Dcal : ŝ(Xi) < ŝ(X2n+j)}|+ d(1 + |{i ∈ Dcal : ŝ(Xi) = ŝ(X2n+j)}|)Uje

n+ 1
, (23)

where U1, U2, . . . are i.i.d. random variables drawn from Unif([0, 1]) which are independent of the data. Note that (23) is
identical to (2) almost surely when ŝ(X) is continuous. Now we prove that the marginal conformal p-values defined in (23)
satisfy the PRDS property.

Proposition 2 (Theorem 2 for the non-continuous case). Consider the setting of Theorem 2, but where ŝ(·) is not assumed
to be continuous. Define the randomized marginal p-values as in (23). Then, the marginal conformal p-values (p1, . . . , pm)
are PRDS.

The proof follows as above, once we verify Lemma 4 and Lemma 5 in the more general setting.

Proof of Lemma 4, general case. Let U = (U1, . . . , Um). By definition, U is independent of (Y,Z), and thus

P[Y ∈ D | Z = z] = P[Y ∈ D | Z = z, U ], a.s..

Let pj(x; z, u) denote the mapping from (X2n+j , Z, U) to pj . Then

pj(x; z, u) =
m<(x; z) + d{1 +m=(x; z)}ue

n+ 1
,

where

m<(x, z) =

n∑
i=1

I(zi < x), m=(x, z) =

n∑
i=1

I(zi = x).
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If z � z′,
m<(x, z) ≥ m<(x, z′), m<(x, z) +m=(x, z) ≥ m<(x, z′) +m=(x, z′). (24)

We claim that the mapping pj(x; z, u) is non-increasing in z for every x and u. Equivalently, we will show that for any x
and u ∈ [0, 1],

m<(x, z) + d{1 +m=(x, z)}ue ≥ m<(x, z′) + d{1 +m=(x, z′)}ue. (25)

We consider three cases.

Case 1: if m<(x, z) = m<(x, z′), (24) implies that m=(x, z) ≥ m=(x, z′). Thus, (25) is obviously true.

Case 2: if m<(x, z) +m=(x, z) = m<(x, z′) +m=(x, z′), let a = 1 +m=(x, z) and b = m<(x, z)−m<(x, z′). Then
(25) is equivalent to

b ≥ d(a+ b)ue − daue.

This can be proved using the fact that d(a+ b)ue ≤ daue+ dbue.

Case 3: if m<(x, z) > m<(x, z′) and m<(x, z) +m=(x, z) > m<(x, z′) +m=(x, z′), then m<(x, z) ≥ m<(x, z′) + 1
and m<(x, z) + m=(x, z) ≥ m<(x, z′) + m=(x, z′) + 1 since m<(x, z),m<(x, z′),m=(x, z), and m=(x, z′)
are all integers. Then

m<(x, z) + d{1 +m=(x, z)}ue ≥ m<(x, z) + {1 +m=(x, z)}u
= m<(x, z)(1− u) + {1 +m=(x, z) +m<(x, z)}u
≥ {1 +m<(x, z′)}(1− u) + {2 +m=(x, z′) +m<(x, z′)}u
= m<(x, z′) + {1 +m=(x, z′)}u+ 1

≥ m<(x, z′) + d{1 +m=(x, z′)}ue.

Therefore, (25) is proved. As a result, the mapping from (X2n+1, . . . , X2n+m, Z, U) to Y is entry-wise non-increasing in
Z given (X2n+j , . . . , X2n+m, U). Since {X2n+j : j = 1, . . . ,m}, Z, and U are mutually independent, we arrive at

P[Y ∈ D | Z = z, U ] ≥ P[Y ∈ D | Z = z′, U ], a.s..

The independence between U and Z implies that (U | Z = z)
d
= (U | Z = z′). Lemma 4 then follows from the above

inequality.

Proof of Lemma 5, general case. Let R2n+j = (n+ 1)pj . Note that R2n+j can be interpreted as the rank with ties broken
randomly. As in the proof for the continuous case, we first prove that{

(S(1), . . . , S(n)) | R2n+1 = k, S′(1), . . . , S
′
(n+1)

}
= (S′(1), . . . , S

′
(k−1), S

′
(k+1), . . . , S

′
(n+1)). (26)

Let k− = max{` : S′(`) < S2n+1} and k+ = min{` : S′(`) > S2n+1}. Then S′` = S2n+1 for any k− < ` < k+. Since
there exists at least one ` with S′(`) = S2n+1, i.e., the index corresponding to S2n+1, we have k+ − k− ≥ 2. By definition,

1 + |{i ∈ Dcal : ŝ(Xi) = ŝ(X2n+j)}| = |{i ∈ Dcal ∪ {2n+ 1} : ŝ(Xi) = ŝ(X2n+j)}| = k+ − k− − 1.

As a result,
k = k− + d(k+ − k− − 1)U1e ∈ (k−, k+).

Therefore, ŝ(X2n+1) = S′(k) and (26) is proved.

It remains to prove that R2n+1 is independent of (S′(1), S
′
(2), . . . , S

′
(n+1)). For any non-decreasing sequence a1 ≤ . . . ≤

an+1, let 1 = n0 < n1 < . . . < nm = n+ 1 be integers such that

anj−1 = . . . = anj−1 < anj , j = 1, . . . ,m− 1, anm−1−1 < anm−1 = . . . = anm
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Let π : {1, . . . , n+1} 7→ {1, . . . , n+1} be a uniform random permutation. SinceXn+1, . . . , X2n+1 are i.i.d., Conditioning
on the event that,{

(ŝ(Xn+1), . . . , ŝ(X2n+1)) | (S′(1), . . . , S
′
(n+1)) = (a1, . . . , an+1)

}
d
=
(
aπ(1), . . . , aπ(n+1)

)
.

For any j = 1, . . . ,m− 1, if π(n+ 1) ∈ [nj−1, nj),

|{i : aπ(i) = aπ(n+1)}| = nj − nj−1, |{i : aπ(i) < aπ(n+1)}| = nj−1 − 1,

and thus,
R2n+1 = nj−1 − 1 + d(nj − nj−1)Uje.

Similarly, if π(n+ 1) ∈ [nm−1, nm],

R2n+1 = nm−1 − 1 + d(nm − nm−1 + 1)Uje.

For any k, let jk = max{j : nj ≤ k}, and Ik be the set {njk−1, . . . , njk − 1} if jk < m and {njk−1, . . . , njk} otherwise.
Then

P(R2n+1 = k | (S′(1), . . . , S
′
(n+1)) = (a1, . . . , an+1))

= P
(
π(n+ 1) ∈ Ik, U1 ∈

(
k − njk−1
|Ik|

,
k + 1− njk−1

|Ik|

])
= P (π(n+ 1) ∈ Ik)P

(
U1 ∈

(
k − njk−1
|Ik|

,
k + 1− njk−1

|Ik|

])
=
|Ik|
n+ 1

1

|Ik|
=

1

n+ 1
.

Therefore, R2n+1 is independent of (S′(1), . . . , S
′
(n+1)). The proof of Lemma 5 is then completed.

B.4. Storey’s correction does not break FDR control

When the proportion of nulls is much smaller than 1, as it may be the case in many out-of-distribution detection problems,
the BH procedure controls the FDR at level π0α (Benjamini & Yekutieli, 2001), where π0 is the proportion of nulls, and
hence is conservative. If π0 is known, a simple remedy is to replace the target FDR level with α/π0. However, π0 is rarely
known in practice and hence it needs to be estimated. Given p-values pi for all null hypotheses, it was proposed by Storey et
al. in Storey (2002); Storey et al. (2004) to estimate π0 as

π̂0 =
1 +

∑m
i=1 I(pi > λ)

m(1− λ)
,

and then to apply the BH procedure at level α/π̂0. Specifically, given a p-value pi for the i-th null hypothesis, let
p(1) ≤ . . . ≤ p(m) be the ordered statistics. Given a target FDR level α and a scalar λ ∈ (0, 1), the rejection set of the
Storey-BH procedure is

R =

{
i : pi ≤

αR

mπ̂0
, pi < λ

}
,

where

π̂0 =
1 +

∑m
i=1 I(pi ≥ λ)

m(1− λ)
,

1 +A

m(1− λ)

and

R = max

{
r : p(r) ≤

αr

mπ̂0
, p(r) < λ

}
.

The parameter λ is often chosen as 0.5 or α or 1− α.

If the null p-values are super-uniform in the sense of (2), mutually independent, and independent of the non-null p-values,
this provably controls the FDR in finite samples (Storey et al., 2004). However, unlike in its standard version, the BH
procedure with Storey’s correction may fail to control the FDR if the p-values are PRDS; see Section 6.3 of Benjamini et al.
(2006). Surprisingly, we show below that the positive correlation (Lemma 1) among the marginal conformal p-values does
not break the FDR control at all.
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Theorem 5. Set λ = K/(n+ 1) for any integer K. Assume ŝ(X) is continuous. In the setting of Corollary 1, the BH pro-
cedure with Storey’s correction applied at level α ∈ (0, 1) to the marginal p-values (û(marg)(X2n+1), . . . , û(marg)(X2n+m))
controls the FDR at level α. That is,

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α. (27)

The proof of Theorem 5 rests on a novel FDR bound for the BH procedure with Storey’s correction applied to PRDS
p-values, formalized in the following theorem.

Theorem 6. Assume that (p1, . . . , pn) is PRDS and each null p-value is super-uniform with an almost sure lower bound
pmin ∈ [0, 1]. Then

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α(1− λ)

∑
i∈H0

E
[

1

1 +A
| pi ≤ p∗

]
,

where

p∗ = max

{
α(1− λ)

m
, pmin

}
.

Proof. Let

Vi = I(Hi is rejected) ≤ I
(
pi ≤ α(1− λ)

R

1 +A

)
.

Then

E
[
|R ∩ H0|

max{1, |R|}

]
=
∑
i∈H0

E
[

Vi
R ∨ 1

]
=
∑
i∈H0

m∑
r=1

1

r
P
(
pi ≤ α(1− λ)

r

1 +A
,R = r

)

=
∑
i∈H0

m∑
r=1

m∑
a=1

1

r
P
(
pi ≤ α(1− λ)

r

1 + a
,R = r,A = a

)
.

Let r0(a) = max{1, d(1 + a)pmin/(1 − λ)αe}. By definition, the summand for a given a is non-zero only if r ≥ r0(a).
Thus,

E
[
|R ∩ H0|

max{1, |R|}

]
=
∑
i∈H0

m∑
a=1

m∑
r=r0(a)

1

r
P
(
pi ≤ α(1− λ)

r

1 + a

)
P
(
R = r,A = a | pi ≤ α(1− λ)

r

1 + a

)
(i)

≤
∑
i∈H0

m∑
a=1

m∑
r=r0(a)

1

r
· α(1− λ)

r

1 + a
P
(
R = r,A = a | pi ≤ α(1− λ)

r

1 + a

)

= α(1− λ)
∑
i∈H0

m∑
a=1

m∑
r=r0(a)

1

1 + a
P
(
R = r,A = a | pi ≤ α(1− λ)

r

1 + a

)
,

where (i) uses the super-uniformity of the null p-value. Let T denote the set of all possible values that r/(1 + a) can take
such that P(pi ≤ α(1− λ)r/(1 + a)) > 0, i.e.

T =

{
r

1 + a
: a ∈ {1, . . . ,m}, r ∈ {r0(a), . . . ,m}, a+ r ≤ m

}
.

Clearly, T is a finite set. Let t1 ≤ t2 ≤ . . . ≤ tM denote the values of T . It is easy to see that

α(1− λ)t1 ≥ max

{
pmin,

α(1− λ)

m

}
= p∗. (28)
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Then

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α(1− λ)

∑
i∈H0

M∑
j=1

m∑
a=1

1

1 + a
P (R = (1 + a)tj , A = a | pi ≤ α(1− λ)tj)

= α(1− λ)
∑
i∈H0

M∑
j=1

E
[
I{R = (1 +A)tj}

1 +A
| pi ≤ α(1− λ)tj

]

= α(1− λ)
∑
i∈H0

M∑
j=1

{
E [Hj(p) | pi ≤ α(1− λ)tj ]− E [Hj+1(p) | pi ≤ α(1− λ)tj ]

}

= α(1− λ)
∑
i∈H0

{
E [H1(p) | pi ≤ α(1− λ)t1]

−
M−1∑
j=1

(E [Hj+1(p) | pi ≤ α(1− λ)tj ]− E [Hj+1(p) | pi ≤ α(1− λ)tj+1])

}
,

where

Hj(p) =
I{R ≥ (1 +A)tj}

1 +A
, HM+1(p) = 0.

Since A is an increasing function of p and R is a decreasing function of p, Hj(p) is decreasing in p. The PRDS property
implies that for any j = 1, . . . ,M − 1,

E [Hj+1(p) | pi ≤ α(1− λ)tj ]− E [Hj+1(p) | pi ≤ α(1− λ)tj+1] ≥ 0.

Therefore,

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α(1− λ)

∑
i∈H0

E [H1(p) | pi ≤ α(1− λ)t1]

≤ α(1− λ)
∑
i∈H0

E
[

1

1 +A
| pi ≤ α(1− λ)t1

]
≤ α(1− λ)

∑
i∈H0

E
[

1

1 +A
| pi ≤ p∗

]
,

where the last step follows from (28), the PRDS property, and the fact that p 7→ 1/(1 +A) is decreasing.

To prove Theorem 5, we present an additional lemma.

Lemma 6. [Lemma 1 from Benjamini et al. (2006)] If Y ∼ Binom(k − 1, p), then E[1/(1 + Y )] ≤ 1/kp.

Proof of Theorem 5. As in the proof of Theorem 4, since ŝ(X) is continuous, we can assume ŝ(X) ∼ Unif([0, 1]) without
loss of generality. We write pi instead of û(marg)(X2n+i) and Sj instead of ŝ(Xn+j). Then

pj =
1 +

∑n
i=1 I(Si ≤ Sn+j)
n+ 1

.

Then pj ≥ 1/(n + 1) almost surely. Let m0 = |H0| and we assume that H0 = {1, . . . ,m0} without loss of generality.
Since p = (p1, . . . , pm) are PRDS and exchangeable, Theorem 7 implies that

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α(1− λ)m0E

[
1

1 +A
| p1 ≤ max

{
1

n+ 1
,
α(1− λ)

m

}]
.

Since 1/(1 +A) is decreasing in p, using the PRDS property again, we have

E
[
|R ∩ H0|

max{1, |R|}

]
≤ α(1− λ)m0E

[
1

1 +A
| p1 ≤

1

n+ 1

]
= α(1− λ)m0E

[
1

1 +A
| p1 =

1

n+ 1

]
. (29)
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Let A0 =
∑m0

j=2 I(pj ≥ λ). Then

E
[

1

1 +A
| p1 =

1

n+ 1

]
≤ E

[
1

1 +A0
| p1 =

1

n+ 1

]
.

Let S(1) ≤ S(2) ≤ . . . ≤ S(n+1) denote the order statistics of S1, . . . , Sn+1 and Rn+1 denote the rank of Sn+1. Since
S1 ∼ Unif([0, 1]), there is no tie almost surely.

Now we compute

E
[

1

1 +A0
| p1 =

1

n+ 1
, S(1), . . . , S(n+1)

]
= E

[
1

1 +A0
| Rn+1 = 1, S(1), . . . , S(n+1)

]
. (30)

By definition,

p2, . . . , pm0
| S1, . . . , Sn+1

i.i.d.∼
1 +

∑n
j=1 I(Sj ≤ U)

n+ 1

where U ∼ Unif([0, 1]). Note that there is a bijection between (S1, . . . , Sn+1) and (S(1), . . . , S(n+1), R1, . . . , Rn+1) for
vectors without ties. The above distributional equivalence can be rewritten as

p2, . . . , pm0 | R1, . . . , Rn+1, S(1), . . . , S(n+1)
i.i.d.∼

1 +
∑n+1
j=1 I(S(j) ≤ U)− I(S(Rn+1) ≤ U)

n+ 1
.

Since the RHS does not depend on (R1, . . . , Rn), (p2, . . . , pm0
) is independent of (R1, . . . , Rn) conditional on

(Rn+1, S(1), . . . , S(n+1)). As a result,

p2, . . . , pm0
| Rn+1 = 1, S(1), . . . , S(n+1)

i.i.d.∼
1 +

∑n+1
j=2 I(S(j) ≤ U)

n+ 1
.

Recall K = (n+ 1)λ ∈ Z. Then

P
(
p2 ≥ λ | Rn+1 = 1, S(1), . . . , S(n+1)

)
= P

n+1∑
j=2

I(S(j) ≤ U) ≥ K − 1 | S(2), . . . , S(n+1)


= P

(
U ≥ S(K) | S(2), . . . , S(n+1)

)
= 1− S(K).

Therefore,

I(p2 ≥ λ), . . . , I(pm0
≥ λ) | Rn+1 = 1, S(1), . . . , S(n+1)

i.i.d.∼ Ber
(
1− S(K)

)
.

This implies that
A0 | Rn+1 = 1, S(1), . . . , S(n+1) ∼ Binom

(
m0 − 1, 1− S(K)

)
.

By Lemma 6,

E
[

1

1 +A0
| Rn+1 = 1, S(1), . . . , S(n+1)

]
≤ 1

m0{1− S(K)}
.

Since Rn+1 is independent of (S(1), . . . , S(n+1)),

E
[

1

1 +A0
| Rn+1 = 1

]
≤ E

[
1

m0{1− S(K)}

]
. (31)

By symmetry and the property of order statistics,

1− S(K)
d
= S(n+2−K) ∼ Beta(n+ 2−K,K).
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Thus,

E
[

1

1− S(K)

]
=

∫ 1

0

1

x

Γ(n+ 2)

Γ(n+ 2−K)Γ(K)
xn+1−K(1− x)K−1dx

=

∫ 1

0

Γ(n+ 2)

Γ(n+ 2−K)Γ(K)
xn−K(1− x)K−1dx

=
Γ(n+ 2)Γ(n+ 1−K)

Γ(n+ 2−K)Γ(n+ 1)

=
n+ 1

n+ 1−K
=

1

1− λ
. (32)

Putting (29), (31) and (32) together, we prove the result.

B.5. Conditional p-value adjustment

We say that û(ccv)(X) satisfies the calibration-conditional validity (CCV) property if

P
[
P
[
û(ccv)(X2n+1) ≤ t | D

]
≤ t for all t ∈ (0, 1)

]
≥ 1− δ. (33)

The following theorem suggests a generic strategy through a simultaneous upper confidence bound for order statistics.

Theorem 7 (Conditional p-value adjustment). Let U1, . . . , Un
i.i.d.∼ Unif([0, 1]), with order statistics U(1) ≤ U(2) ≤ . . . ≤

U(n), and fix any δ ∈ (0, 1). Suppose 0 ≤ b1 ≤ b2 ≤ . . . ≤ bn ≤ 1 are n reals such that

P
[
U(1) ≤ b1, . . . , U(n) ≤ bn

]
≥ 1− δ. (34)

Let also b0 = 0, bn+1 = 1, and h : [0, 1] 7→ [0, 1] be a piece-wise constant function such that

h(t) = bd(n+1)te, t ∈ [0, 1].

Then, û(ccv) = h ◦ û(marg) satisfies (33), i.e., û(ccv)(X2n+1) is a calibration-conditional valid p-value.

Proof of Theorem 7. Let Si = ŝ(Xn+i) for i = 1, . . . , n with F−(t) = P[Si < t | Dtrain], and S(1) ≤ S(2) ≤ . . . S(n) be
the order statistics. Then it is easy to see that

(F−(S(1)), . . . , F
−(S(n))) � (U(1), . . . , U(n)),

where � denotes the entry-wise stochastic dominance in the sense that (A1, . . . , An) � (B1, . . . , Bn) iff

P[A1 ≤ z1, . . . , An ≤ zn] ≥ P[B1 ≤ z1, . . . , Bn ≤ zn], ∀(z1, . . . , zn) ∈ Rn.

When F is continuous, the equality in distribution holds. Let En denote the event on which F−(S(i)) ≤ bi for all
i = 1, . . . , n. Then

P[En] ≥ 1− δ.
Now we prove the following claim, which directly yields the theorem:

P
[
û(ccv)(X2n+1) ≤ t | D

]
≤ t, ∀t ∈ [0, 1], if D ∈ En. (35)

Note that the image of û(ccv) is {b1, . . . , bn, 1}, it remains to prove (35) with t ∈ {b1, . . . , bn, 1}. When t = 1, it clearly
holds. When t = bi,

û(ccv)(X2n+1) ≤ bi ⇐⇒ û(marg)(X2n+1) ≤ i

n+ 1
⇐⇒ ŝ(X2n+1) < S(i).

Thus,
P
[
û(ccv)(X2n+1) ≤ bi | D

]
= P

[
ŝ(X2n+1) < S(i) | D

]
= F−(S(i)).

By definition of En, (35) holds for all t ∈ {b1, . . . , bn}.
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The larger p-values typically do not matter in multiple testing problems, as it is the small ones that determine which
hypotheses are rejected. Therefore, to maximize power, we would like the bi values in Theorem 7 to be as small as possible
for low indices i, while we may be satisfied with letting bi = 1 for large i. The generalized Simes inequality yields a
desirable class of (b1, . . . , bn) sequences with this property.

Proposition 3 (Generalized Simes Inequality, from Equation (3.5) in Sarkar et al. (2008)). For any positive integer k ≤ n,
the uniform bound (34) in Theorem 7 holds with

bn+1−i = 1− δ1/k
(
i · · · (i− k + 1)

n · · · (n− k + 1)

)1/k

, i = 1, . . . , n.

The original motivation of Sarkar et al. (2008) was to compute thresholds for step-up procedure to achieve k-FWER control;
there, the parameter k was set to be a small integer. Here, we exploit Proposition 3 differently, choosing k = n/2 so that the
bi values with lower indices i are as small as possible while those with larger indices i may be uninformative (note that
bn−k+2 = . . . = bn = 1). In particular, our choice corresponds to

b1 = 1− δ2/n = 1− exp

{
−2 log(1/δ)

n

}
≈ 2 log(1/δ)

n
.

Therefore, the smallest possible marginal p-value equal to 1/(n+ 1) would be mapped to h(1/(n+ 1)) ≈ 2 log(10)/n =
4.61/n, if δ = 0.1, for example, since û(ccv)(X) = h(û(marg)(X)). If n = 10000, then h(1/(n + 1)) < 0.0005, which
is larger than the marginal p-value, but much smaller than what one would obtain from other standard uniform bounds.
For example, the DKWM inequality (Dvoretzky et al., 1956; Massart, 1990) would imply a result similar to that of
Proposition 3 but with bi = min{(i/n) +

√
log(2/δ)/2n, 1}; this would map the smallest possible marginal p-value to

1/(n+ 1) +
√

log(2/δ)/2n > 0.1, in the above example. The comparison between the generalized Simes inequality and
the DKWM inequality is expanded in Appendix C, where we also consider an additional uniform bound based on the
linear-boundary crossing probability for the empirical CDF (Dempster, 1959). This comparison confirms the generalized
Simes inequality yields the most powerful adjustment for our multiple testing purposes. In practice, we find that k = n/2
works well, as motivated empirically in Appendix D. (Note that larger values of k would lower further the smallest possible
adjusted p-value, but at the cost of raising other small p-values).

B.6. Simultaneous confidence bounds for the false positive rate

Some practitioners may be accustomed to thinking about outlier detection in terms of FPR—the probability of incorrectly
reporting as outlier any true inlier—rather than p-values. In particular, they may wonder what the FPR can be if they report
X2n+1 as likely to be an outlier whenever the classification score ŝ(X2n+1) (computed by some black-box outlier detection
algorithm) is above a threshold t, as a function of t, so that they may choose a posteriori which value of t to adopt. This
question is closely related to the problem of constructing CCV p-values, so our method provides an answer. In fact, the next
result shows Theorem 7 also yields a simultaneous upper confidence bound for the CDF.

Proposition 4. Let F denote the true CDF of some distribution from which n i.i.d. samples, Z1, . . . , Zn, are drawn, and
denote by F̂n the corresponding empirical CDF. With the same notation as in Theorem 7,

P
[
F (z) ≤ h(F̂n(z)), ∀z ∈ R

]
≥ 1− δ. (36)

Proof of Proposition 4. Note that h(i/n) = bdi+i/ne = bi+1 where we let bn+1 = 1 for convenience. Then, the event that
F (Z(i)) ≤ h((i− 1)/n) = bi for all i ∈ {1, . . . , n} occurs with probability at least 1− δ, where Z(1) ≤ . . . ≤ Z(n) are the
order statistics. Under this event, for any z ∈ [Z(i−1), Z(i)), where we let Z(0) = ∞ and Z(n+1) = ∞ for convenience,
F̂n(z) = (i− 1)/n and thus

F (z) ≤ F (Z(i)) ≤ bi = h
(
F̂n(z)

)
.

On the other hand, if h : [0, 1]→ [0, 1] is a function such that h(F̂n(z)) is a uniform upper confidence band of F for any
CDF F , then (34) holds with bi = h(i/n).

Applying Proposition 4 to the CDF of the scores ŝ computed by any one-class classification algorithm provides a uniform
upper confidence bound for its FPR, namely FPR(t) := P [ŝ(X2n+1) ≤ t], as a function of the detection threshold t. In



Submission and Formatting Instructions for ICML 2021 Workshop on Uncertainty and Robustness in Deep Learning

words, this guarantees that reporting as outliers an observation with black-box score equal to z is likely (with probability
at least 1 − δ) to result in a FPR no greater than h(F̂n(z)), where F̂n(z) is the empirical CDF of the analogous scores
computed on a calibration data set of size n. Figure A2 shows a practical example of this upper bound based on the empirical
distribution of scores evaluated on 1000 calibration points, with δ = 0.1 and k = n/2 (the exact details of this example
are the same as those of the numerical experiments presented later in Section D.2). For instance, this plot informs us that
reporting as outliers future samples with scores below -0.5 is likely to result in an FPR below 0.025.
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Figure A2: FPR calibration curve for an isolation forest one-class classifier on simulated data, as a function of the reporting threshold for
the classification scores. The upper bound (solid blue) is guaranteed to lie above the true FPR curve (dotted red) with probability at least
90%. The dashed black curve corresponds to the empirical FPR. The panel on the right zooms in on small values (likely outliers).

Note that the construction of a uniform confidence band for an unknown CDF is a widely studied problem. For
example, the DKWM inequality (Dvoretzky et al., 1956; Massart, 1990) implies the bound in (36) with h(z) =
min{z +

√
log(2/δ)/2n, 1}. However, the DKWM bound is tightest at z = 1/2 and loose near 0, which would limit the

power to detect outliers. Therefore, it is preferable for our purposes to have a function h(z) that is as close as possible to the
identity for small values of z, as discussed earlier in Section B.5.

B.7. Simultaneously-valid prediction sets

Lastly, CCV p-values can be easily re-purposed to strengthen the marginal guarantees generally obtainable for conformal
predictions. In particular, for each α ∈ (0, 1), one can define a predictive set

Ĉα := {x : û(ccv)(x) > α}. (37)

These sets are simultaneously valid for all α, conditional on the calibration data. That is, they satisfy

P
[
P
[
X2n+1 ∈ Ĉα | D

]
≥ 1− α for all α ∈ (0, 1)

]
≥ 1− δ. (38)

In words, if we use CCV p-values to construct prediction sets, the probability that a new observation falls within Ĉα is at
least 1− α, simultaneously for all α ∈ (0, 1) with high probability. This is stronger than the usual conformal guarantee, as
the latter holds marginally over D and only for a single pre-specified α.

C. Numerical Comparisons of Different Adjustment Functions
In addition to the adjustment functions derived from the generalized Simes inequality and the DKWM inequality, we
consider here another class of simultaneous bounds based on the so-called boundary crossing probability (Dempster, 1959;
Durbin, 1973; Kotel’Nikova & Chmaladze, 1983; Siegmund, 1986)—the probability that F (z) ever crosses h(F̂n(z)) for a
fixed function h(·). This probability is generally difficult to compute analytically, but the special case of a linear h(·) is
an exception. Assuming that F is the CDF of Unif([0, 1]), let F̂n(z) is the empirical CDF of S1, . . . , Sn

i.i.d.∼ Unif([0, 1]).
Then, Dempster (1959) proved that

P
[
F̂n(z) ≤ b+

1− b
1− a

z, ∀z ∈ (0, 1)

]
= 1−∆Dempster(a, b;n),
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for any a, b ∈ (0, 1), where

∆Dempster(a, b;n) := a

bn(1−b)c∑
j=0

n!

j!(n− j)!

(
a+

1− a
1− b

j

n

)j−1(
1− a− 1− a

1− b
j

n

)n−j
. (39)

If we replace Si with 1− Si, then F̂n(z) becomes 1− F̂n(1− z). Further, replacing z by 1− z leads to

P
[
z ≤ 1− a

1− b
F̂n(z) + a, ∀z ∈ (0, 1)

]
= 1−∆Dempster(a, b;n). (40)

For any pair (a, b) with ∆Dempster(a, b;n) = δ, we obtain a function h(z) = a+ (1− a)z/(1− b) satisfying (36), which
yields the following sequence satisfying (34):

bi = a+
1− a
1− b

i

n
.

Given any a, it is easy to compute the corresponding b such that ∆Dempster(a, b;n) = δ via a binary search.

Note that this leads to adjusted p-values that cannot be lower than b1 = a+ (1− a)/(1− b)n. To ensure a fair comparison
with the method based on the generalized Simes inequality, we choose a via another binary search such that the resulting b1
matches that given by the Simes inequality for a particular value of k. If there exists no value of a yielding the same b1 as the
Simes method, we set a as to minimize b1. Figure A3 compares the adjustment functions yielded by the generalized Simes
inequality, the DKWM inequality, and the Dempster exact linear-boundary crossing probability with k ∈ {n/4, n/2} and
n ∈ {300, 1000, 3000, 10000} for small marginal p-values within [0, 0.05]. It is clear that the Simes adjustment function
is the best option in most scenarios, except when n = 10000 and û(marg)(X) > 0.03, in which case the DKWM bound is
tighter. Nonetheless, for the purpose of multiple testing, we would rarely expect p-values above 0.03 to be significant.
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Figure A3: Comparison of different adjustment functions.

D. Numerical Experiments
D.1. Setup

The following experiments are designed to simulate a world in which our methods are independently applied by J
practitioners. Each practitioner j ∈ [J ] has an independent data set Dj (to train and calibrate the method), and L test sets
Dtest
j,l (to compute p-values and evaluate performance), each corresponding to different possible future scenarios l ∈ [L].

The data sets contain 2n observations each (|Dj | = 2n), and the test sets contain ntest observations each (|Dtest
j,l | = ntest).
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Imagine that, from the practitioner’s present point of view, the data set Dj is fixed but the test set is random, so that Dtest
j,l

represents the test set for practitioner j under future scenario l. Then, as discussed in Section 2, practitioner j is most
interested in the FDR (or other measures of type-I errors, alternatively) conditional on Dj , i.e., in the random variable

cFDR(Dj) := E
[
FDP(Dtest;Dj) | Dj

]
,

where FDP(Dtest;Dj) is the proportion of inliers among the test points reported as outliers, based on the procedure
calibrated on Dj . This motivates the definition of the following performance measures. For any j ∈ [J ], we compute

ĉFDR(Dj) :=
1

L

L∑
l=1

FDP(Dtest
j,l ;Dj), ĉPower(Dj) :=

1

L

L∑
l=1

Power(Dtest
j,l ;Dj), (41)

where Power(Dtest
j,l ;Dj) is the proportion of outliers in Dtest

j,l correctly identified as such by practitioner j.

D.2. Outlier detection on simulated data

D.2.1. DATA DESCRIPTION

We begin to investigate the empirical performance of different methods for calibrating conformal p-values on synthetic
data. The data are generated by sampling each data point Xi ∈ R50 from a multivariate Gaussian mixture model P aX , such
that Xi =

√
a Vi +Wi, for some constant a ≥ 1 and appropriate random vectors Vi,Wi ∈ R50. Here, Vi has independent

standard Gaussian components, and each coordinate of Wi is independent and uniformly distributed on a discrete set
W ⊆ R50 with cardinality |W| = 50. The vectors in W are sampled independently from the uniform distribution on
[−3, 3]50, before the beginning of our experiments, and then held constant thereafter. (Therefore, each coordinate of Wi is
uniformly distributed on [−3, 3], but it is not the case that the different Wi’s are independent and identically distributed on
[−3, 3]50; instead, the fixed setW makes this a mixture model.)

The data sets Dj are sampled from P aX with a = 1 and n = 1000. The total 2n observations in each Dj are further divided
into ntrain = 1000 observations used to fit a one-class SVM classifier scoring function ŝ (implemented in the Python package
scikit-learn (Pedregosa et al., 2011)), and ncal = 1000 observations used to calibrate the conformal p-values, leading
to a valid p-value û(Xn+1) ∈ [0, 1] for any new data point Xn+1. The total number of data sets is J = 100, each of which
is associated with L = 100 test sets. A random subset of the observations in each test set Dtest

j,l is sampled from P aX with
a = 1, while the others are outliers, in the sense that they are sampled from P aX with a > 1, as specified below.

D.2.2. INDIVIDUAL OUTLIER DETECTION

First, we focus on a data generating model under which 90% of the ntest = 1000 observations in each Dtest
j,l are sampled

from P aX with a = 1, and we seek to identify the remaining 10% of outliers. For this purpose, we calibrate a conformal
p-value for all observations in Dtest

j,l , and then we apply the BH procedure at some nominal FDR level α to account for the
multiple comparisons, with and without Storey’s correction based on the estimated null proportion. In the following, we
apply our conditional calibration method with the parameters δ = 0.1 and k = ncal/2 (see below for comments about the
choice of k).

Figure A4 shows the distribution of ĉFDR(Ds) and ĉPower(Ds), corresponding to α = 0.1, for different values of the
signal strength a (recall that here a = 1 corresponds to no signal), when the BH procedure is utilized to account for the
multiple comparisons. The results confirm the calibration-conditional p-values control the conditional FDR for at least
90% of practitioners, while the marginal p-values do not. In fact, marginal p-values only control the conditional FDR if the
number of samples in the calibration data set is very large; see Figure A5. Furthermore, we note that both methods control
the marginal FDR, as also predicted by our theoretical results. Figure A6 presents the results obtained by applying Storeys’
correction to the BH procedure, while Figure A7 summarizes additional experiments in which our conditional calibration
method is applied with δ = 0.25. Finally, Figure A8 visualizes the effect of different values of the Simes parameter k on our
calibration-conditional p-value, showing that k = ncal/2 works relatively well, although the performance does not appear to
be extremely sensitive to this choice.

D.2.3. BATCH OUTLIER DETECTION

We now consider the global testing problem of detecting whether a batch of new observations contains any outliers. For this
purpose, we follow the same approach as before, with the only difference that the ntest = 1000 observations in each test
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Figure A4: Performance of different methods for calibrating conformal p-values in a simulated outlier detection problem, as a function of
the signal strength. The box plots visualize the distribution of FDR and power, as defined in (41), conditional on 100 independent data
sets. The solid curves indicate the 90-th quantile of the conditional FDR distribution. The nominal FDR 0.1, and the conditional method
is applied with δ = 0.1.
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Figure A5: FDR and power in a simulated outlier detection problem as a function of the number of samples in the data set (half of which
are utilized for calibration). Other details are as in Figure A4.
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Figure A6: FDR and power in a simulated outlier detection problem, using the BH procedure with Storey’s correction. Other details are as
in Figure A4.

set are now sub-divided into 100 batches of size 10. The 10 calibrated p-values in each batch are combined with Fisher’s
method to test the batch-specific global null. Then, the BH procedure with Storey’s correction is applied to control the FDR
over all batches. This simulation is designed such that 90% of the batches contain no outliers (i.e., all samples are drawn
from P aX with a = 1), while 50% of the samples in the remaining batches are outliers (i.e., they are drawn from P aX with
a = 2). Of course, batched testing is less informative than the precise identification of outliers discussed in the previous
section, but the advantage now is that we can achieve higher power. Figure A9 shows that, even though this problem is
relatively easy (the power is almost equal to 1), the use of marginal p-values may still lead to a conditional FDR that is
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Figure A7: FDR and power in a simulated outlier detection problem, as a function of the signal strength. The conditional calibration
method is applied with δ = 0.25 instead of δ = 0.05. Other details are as in Figure A4.
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Figure A8: Performance of simultaneously calibrated conformal p-values as a function of the Simes parameter n/k. The signal strength is
equal to 2. Other details are as in Figure A4.

noticeably higher than expected for many researchers. By contrast, simultaneous calibration appears to be conservative for
all of them, without much sacrifice in power.
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Figure A9: Performance of different methods for calibrating conformal p-values in a simulated outlier batch detection problem, as a
function of the nominal FDR level. The excess FDR is defined as the difference between the empirical FDR and the nominal FDR. Note
that both methods achieve power close to one in this example. Other details are as in Figure A4.

Finally, we study the effect of the batch size on the performance of different calibration methods under the global null
hypothesis (i.e., when there are no outliers in the test set). As before, the p-values in each batch are combined with Fisher’s
method and the global null is rejected if the resulting p-value is smaller than 0.1. As before, the experiment is repeated
for 100 independent data sets and 1000 test sets. Figure A10 shows that marginal p-values do not lead to valid inferences,
especially if the batch size is large. By contrast, the calibration-conditional method always remains valid.
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Figure A10: Family-wise error rate (FWER) in a simulated outlier batch detection problem under the global null hypothesis, using
different calibration methods for the conformal p-values. The results are shown as a function of the batch size. The global null is rejected
if the Fisher’s combined p-value is below 0.1, which means the nominal FWER is 10% (horizontal dashed line).

D.3. Outlier detection on real data

D.3.1. DATA DESCRIPTION

Table A1: Summary of the benchmark data sets for outlier detection utilized in our applications.

ALOI2 Cover3 Credit card4 KDDCup995 Mammography6 Digits7 Shuttle8

Features d 27 10 30 40 6 16 9
Inliers ninliers 283301 286048 284315 47913 10923 6714 45586
Outliers noutliers 1508 2747 492 200 260 156 3511

We turn to study the performance of the calibration schemes from Section D.2 on several benchmark data sets for outlier
detection, summarized in Table A1. As before, the Simes simultaneous calibration is applied with δ = 0.1 and k = ncal/2.
We utilize an isolation forest (Liu et al., 2008) machine-learning algorithms ŝ as the base method for detecting anomalies,
available in the Python sklearn package. We rely on the default hyper-parameters, except for the ‘contamination’
parameter which we set equal to 0.1. Additional experiments based on one-class SVM and Local Outlier Factor (LOF)
algorithms are presented in Tables A5–A6.

D.3.2. INDIVIDUAL OUTLIER DETECTION

Here, we follow the experimental setup of Section 4. Figure A11 compares the performance of marginal and simultaneously
calibrated p-values on the credit card data set with the BH procedure with Storey’s correction. The results are consistent
with Figure 3.

Consistent conclusion can be drawn from Table A2, which compares the two calibration procedures on all benchmark data
sets at the nominal FDR level of 0.2. Additional results corresponding to different outlier detection algorithms (one-class
SVM and LOF) can be found in Table A4. In all cases, we adopt the sklearn default parameters. Finally, Table A5
summarizes the performance of different calibration and detection methods across all data sets when the BH procedure is
applied without Storey’s correction.

2The dataset is available at https://www.dbs.ifi.lmu.de/research/outlier-evaluation/DAMI/
literature/ALOI; see Campos et al. (2016)

3The dataset is available at http://odds.cs.stonybrook.edu/forestcovercovertype-dataset
4The dataset is available at https://www.kaggle.com/mlg-ulb/creditcardfraud
5The dataset is available at https://www.kaggle.com/mlg-ulb/creditcardfraud; see Campos et al. (2016)
6The dataset is available at http://odds.cs.stonybrook.edu/mammography-dataset/
7The dataset is available at http://odds.cs.stonybrook.edu/pendigits-dataset
8The dataset is available at http://odds.cs.stonybrook.edu/shuttle-dataset

https://www.dbs.ifi.lmu.de/research/outlier-evaluation/DAMI/literature/ALOI
https://www.dbs.ifi.lmu.de/research/outlier-evaluation/DAMI/literature/ALOI
http://odds.cs.stonybrook.edu/forestcovercovertype-dataset
https://www.kaggle.com/mlg-ulb/creditcardfraud
https://www.kaggle.com/mlg-ulb/creditcardfraud
http://odds.cs.stonybrook.edu/mammography-dataset/
http://odds.cs.stonybrook.edu/pendigits-dataset
http://odds.cs.stonybrook.edu/shuttle-dataset
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Figure A11: Outlier detection performance on credit card fraud data. Conformal p-values based on an isolation forest model are calibrated
using different methods. The BH procedure with Storey’s correction is then applied to control the FDR over the set of test points. Other
details are as in Figure A6.

Table A2: Outlier detection performance on different data sets, using alternative methods for calibrating conformal p-values. The FDR
and power diagnostics are defined conditional on the training and calibration data, as defined in Section D.1. The nominal marginal FDR
level is 0.2. Empirical FDR values larger than the nominal level are colored in orange; values at least one standard deviation above it are
colored in red.

FDR Power

Mean 90th percentile Mean 90-th quantile

Dataset Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI 0.025 0 0.02 0 0 0 0 0
Cover 0.08 0.013 0.277 0.049 0.008 0.002 0.03 0.004
Credit card 0.197 0.106 0.233 0.135 0.712 0.469 0.803 0.624
KDDCup99 0.196 0.105 0.234 0.135 0.755 0.62 0.825 0.713
Mammography 0.18 0.031 0.282 0.112 0.167 0.036 0.342 0.155

Digits 0.177 0.029 0.27 0.116 0.347 0.056 0.603 0.213
Shuttle 0.196 0.107 0.234 0.138 0.981 0.976 0.984 0.981

D.3.3. BATCH OUTLIER DETECTION

We now focus on global testing for outlier batch detection, similarly to Section D.2.3. The available data are divided into
training, calibration, and test sets according to the same scheme as in Section D.3.2; the only difference is that the size of the
test sets is now equal to 1000, so as to follow as closely as possible the same experimental protocol as in Section D.2.3.

Figure A12 compares the performance of the different calibration methods as a function of the nominal FDR level. The
p-values in each batch are combined with Fisher’s method, and then the BH procedure is applied with Storey’s correction.
Again, we observe that simultaneous calibration is required to ensure the conditional FDR is controlled in at least 90% of
the applications, although it involves some power loss. Both calibration methods control the marginal FDR.

Table A3 summarizes the performance of the two alternative calibration methods on all data sets. Here, the nominal FDR
level is 0.1 and the BH procedure is applied with the Storey correction. Again, the results show that the Simes method
controls the conditional FDR 90% of the time, although at some cost in power, while the marginal calibration method does
not. See Table A6 for additional results that, in addition to the isolation forest, include also the one-class SVM and LOF
algorithms for outlier detection. Finally, Table A7 summarizes performance of the different methods on all data sets when
the BH procedure is applied without the Storey correction.



Submission and Formatting Instructions for ICML 2021 Workshop on Uncertainty and Robustness in Deep Learning

FDR above nominal Power

0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.01 0.05 0.1 0.15 0.2 0.25 0.3

0.25

0.50

0.75

1.00

−0.3

−0.2

−0.1

0.0

0.1

0.2

Nominal FDR

Calibration

Marginal

Conditional

Figure A12: Outlier batch detection performance on credit card fraud data. Conformal p-values are computed based on an isolation forest
model and calibrated using different methods. Other details are as in Figure A9.

Table A3: Outlier batch detection performance on different data sets, using alternative methods for calibrating conformal p-values. The
nominal FDR level is 0.1. Other details are as in Table A2.

FDR Power

Mean 90-th quantile Mean 90-th quantile

Data set Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI 0.072 0.003 0.178 0 0.002 0 0.004 0
Cover 0.092 0.006 0.183 0.01 0.18 0.017 0.359 0.034
Credit card 0.092 0.005 0.153 0.014 0.983 0.885 0.993 0.933
KDDCup99 0.088 0.005 0.129 0.013 0.999 0.979 1 0.994
Mammography 0.072 0.004 0.126 0.016 0.61 0.21 0.765 0.361
Digits 0.09 0.005 0.148 0.014 0.97 0.626 0.999 0.836
Shuttle 0.087 0.006 0.137 0.013 1 1 1 1

Table A4: Outlier detection performance on real data, using different data sets, machine learning models, and nominal FDR levels. Other
details are as in Table A2.

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI
0.05 0 0 0 0 0 0 0 0
0.10 0.001 0 0 0 0 0 0 0

IForest

0.20 0.025 0 0.02 0 0 0 0 0

0.05 0 0 0 0 0 0 0 0
0.10 0.005 0 0 0 0 0 0 0

LOF

0.20 0.056 0.003 0.176 0 0.002 0 0.003 0

0.05 0 0 0 0 0 0 0 0
0.10 0.005 0 0.012 0 0 0 0.001 0

SVM

0.20 0.069 0.001 0.228 0 0.003 0 0.01 0

Cover
0.05 0 0 0 0 0 0 0 0
0.10 0.011 0 0.032 0 0.002 0 0.003 0

IForest

0.20 0.08 0.013 0.277 0.049 0.008 0.002 0.03 0.004

0.05 0.05 0.026 0.069 0.041 0.949 0.91 0.968 0.943
0.10 0.1 0.056 0.126 0.075 0.973 0.955 0.98 0.969

LOF

0.20 0.198 0.111 0.23 0.138 0.987 0.976 0.991 0.982

(Continued on Next Page...)
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Table A4: Outlier detection performance on real data, using different data sets, machine learning models, and nominal FDR levels. Other
details are as in Table A2. (continued)

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Credit card
0.05 0.037 0.012 0.074 0.05 0.185 0.062 0.389 0.256
0.10 0.095 0.042 0.126 0.076 0.426 0.207 0.603 0.409

IForest

0.20 0.197 0.106 0.233 0.135 0.712 0.469 0.803 0.624

0.05 0.001 0 0 0 0 0 0 0
0.10 0.018 0.001 0.022 0 0.001 0 0 0

LOF

0.20 0.087 0.021 0.278 0.031 0.007 0.002 0.022 0.001

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

KDDCup99
0.05 0.04 0.013 0.074 0.036 0.378 0.208 0.515 0.44
0.10 0.095 0.043 0.125 0.077 0.594 0.397 0.703 0.524

IForest

0.20 0.196 0.105 0.234 0.135 0.755 0.62 0.825 0.713

0.05 0.001 0 0 0 0 0 0 0
0.10 0.038 0 0.159 0 0.012 0 0.055 0

LOF

0.20 0.141 0.037 0.27 0.158 0.039 0.011 0.07 0.055

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Mammography
0.05 0.011 0 0.051 0 0.012 0 0.035 0
0.10 0.067 0 0.163 0 0.061 0 0.184 0

IForest

0.20 0.18 0.031 0.282 0.112 0.167 0.036 0.342 0.155

0.05 0.003 0 0 0 0.001 0 0 0
0.10 0.032 0 0.169 0 0.023 0 0.112 0

LOF

0.20 0.167 0.018 0.272 0.061 0.195 0.017 0.316 0.036

0.05 0.011 0 0.031 0 0.004 0 0.015 0
0.10 0.075 0 0.196 0 0.042 0 0.086 0

SVM

0.20 0.186 0.003 0.256 0.002 0.169 0.001 0.267 0.001

Digits
0.05 0.006 0 0.006 0 0.007 0 0.005 0
0.10 0.049 0.002 0.159 0 0.073 0.003 0.245 0

IForest

0.20 0.177 0.029 0.27 0.116 0.347 0.056 0.603 0.213

0.05 0.01 0 0.045 0 0.038 0.005 0.149 0
0.10 0.06 0.003 0.142 0.001 0.282 0.017 0.775 0.005

LOF

0.20 0.191 0.059 0.245 0.144 0.821 0.297 0.984 0.795

0.05 0.001 0 0 0 0 0 0 0
0.10 0.045 0 0.152 0 0.018 0 0.048 0

SVM

0.20 0.167 0.005 0.253 0.007 0.24 0.004 0.475 0.002

Shuttle
0.05 0.048 0.023 0.068 0.035 0.946 0.872 0.977 0.97
0.10 0.097 0.052 0.13 0.071 0.975 0.953 0.981 0.977

IForest

0.20 0.196 0.107 0.234 0.138 0.981 0.976 0.984 0.981

(Continued on Next Page...)
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Table A4: Outlier detection performance on real data, using different data sets, machine learning models, and nominal FDR levels. Other
details are as in Table A2. (continued)

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

0.05 0.051 0.026 0.07 0.044 0.991 0.857 0.998 0.988
0.10 0.099 0.055 0.125 0.075 0.999 0.992 1 0.999

LOF

0.20 0.197 0.109 0.236 0.137 1 0.999 1 1

0.05 0.047 0.007 0.067 0.034 0.904 0.152 0.998 0.91
0.10 0.101 0.052 0.12 0.072 0.999 0.953 1 0.998

SVM

0.20 0.202 0.112 0.232 0.13 1 1 1 1



Submission and Formatting Instructions for ICML 2021 Workshop on Uncertainty and Robustness in Deep Learning

Table A5: Outlier detection performance on real data, using different data sets, machine learning models, and nominal FDR levels. Other
details are as in Table A4.

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI
0.05 0 0 0 0 0 0 0 0
0.10 0.001 0 0 0 0 0 0 0

IForest

0.20 0.027 0.003 0.03 0 0 0 0 0

0.05 0 0 0 0 0 0 0 0
0.10 0.005 0 0 0 0 0 0 0

LOF

0.20 0.054 0.007 0.175 0 0.002 0 0.003 0

0.05 0 0 0 0 0 0 0 0
0.10 0.006 0 0.015 0 0 0 0.001 0

SVM

0.20 0.083 0.013 0.263 0.031 0.004 0.001 0.012 0.002

Cover
0.05 0 0 0 0 0 0 0 0
0.10 0.008 0 0.031 0 0.001 0 0.002 0

IForest

0.20 0.073 0.021 0.244 0.085 0.007 0.003 0.025 0.009

0.05 0.045 0.031 0.063 0.049 0.943 0.922 0.965 0.955
0.10 0.09 0.065 0.115 0.085 0.971 0.961 0.978 0.971

LOF

0.20 0.179 0.129 0.209 0.156 0.985 0.979 0.989 0.984

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Credit card
0.05 0.032 0.016 0.068 0.057 0.164 0.085 0.344 0.297
0.10 0.084 0.051 0.114 0.085 0.384 0.248 0.58 0.452

IForest

0.20 0.178 0.126 0.211 0.154 0.678 0.539 0.775 0.667

0.05 0.001 0 0 0 0 0 0 0
0.10 0.017 0.003 0.013 0 0.001 0 0 0

LOF

0.20 0.085 0.03 0.274 0.052 0.006 0.002 0.022 0.003

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

KDDCup99
0.05 0.034 0.018 0.067 0.047 0.355 0.238 0.501 0.455
0.10 0.086 0.055 0.116 0.088 0.561 0.453 0.687 0.617

IForest

0.20 0.176 0.123 0.212 0.156 0.738 0.666 0.813 0.735

0.05 0.001 0 0 0 0 0 0 0
0.10 0.037 0.004 0.159 0.004 0.012 0.001 0.055 0

LOF

0.20 0.138 0.051 0.264 0.177 0.038 0.015 0.069 0.055

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Mammography
0.05 0.008 0 0.024 0 0.009 0 0.014 0
0.10 0.056 0.002 0.155 0.001 0.05 0.003 0.16 0.002

IForest

0.20 0.161 0.053 0.252 0.165 0.147 0.059 0.315 0.217

0.05 0.001 0 0 0 0 0 0 0
0.10 0.029 0 0.154 0 0.019 0 0.057 0

LOF

0.20 0.141 0.035 0.259 0.178 0.161 0.036 0.307 0.164

(Continued on Next Page...)
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Table A5: Outlier detection performance on real data, using different data sets, machine learning models, and nominal FDR levels. Other
details are as in Table A4. (continued)

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

0.05 0.006 0 0.009 0 0.002 0 0.004 0
0.10 0.065 0 0.185 0 0.036 0 0.068 0

SVM

0.20 0.17 0.053 0.245 0.173 0.146 0.033 0.244 0.091

Digits
0.05 0.005 0 0.002 0 0.006 0 0.001 0
0.10 0.042 0.003 0.143 0 0.057 0.005 0.181 0

IForest

0.20 0.159 0.05 0.257 0.172 0.296 0.093 0.541 0.368

0.05 0.009 0 0.029 0 0.029 0.005 0.111 0
0.10 0.046 0.007 0.129 0.017 0.209 0.034 0.687 0.066

LOF

0.20 0.173 0.086 0.226 0.162 0.77 0.429 0.975 0.861

0.05 0 0 0 0 0 0 0 0
0.10 0.042 0 0.149 0 0.015 0 0.047 0

SVM

0.20 0.145 0.02 0.242 0.052 0.168 0.018 0.417 0.048

Shuttle
0.05 0.043 0.028 0.061 0.043 0.939 0.891 0.976 0.973
0.10 0.088 0.061 0.117 0.087 0.973 0.963 0.98 0.978

IForest

0.20 0.176 0.124 0.209 0.158 0.981 0.978 0.983 0.982

0.05 0.045 0.032 0.065 0.049 0.988 0.934 0.998 0.992
0.10 0.089 0.065 0.111 0.09 0.998 0.995 1 0.999

LOF

0.20 0.178 0.127 0.211 0.156 1 0.999 1 1

0.05 0.039 0.015 0.061 0.043 0.827 0.358 0.997 0.993
0.10 0.091 0.063 0.111 0.081 0.999 0.997 1 0.999

SVM

0.20 0.183 0.13 0.216 0.156 1 1 1 1
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Table A6: Outlier batch detection performance on real data, using Storey’s correction to control the FDR. Other details are as in Table A3.

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI
0.05 0.035 0.003 0.1 0 0.001 0 0.002 0
0.10 0.071 0.003 0.164 0 0.001 0 0.004 0

IForest

0.20 0.141 0.014 0.278 0.058 0.004 0 0.008 0.001

0.05 0.034 0 0.091 0 0.023 0.003 0.039 0.007
0.10 0.082 0.003 0.161 0 0.047 0.005 0.071 0.012

LOF

0.20 0.185 0.009 0.284 0.032 0.106 0.011 0.153 0.02

0.05 0.032 0.004 0.097 0 0.003 0 0.007 0.002
0.10 0.064 0.006 0.173 0 0.006 0.001 0.01 0.003

SVM

0.20 0.152 0.013 0.289 0.08 0.012 0.002 0.022 0.005

Cover
0.05 0.036 0.006 0.088 0.003 0.086 0.013 0.183 0.029
0.10 0.08 0.008 0.158 0.035 0.163 0.025 0.328 0.048

IForest

0.20 0.173 0.016 0.25 0.066 0.301 0.049 0.536 0.106

0.05 0.035 0.004 0.059 0.012 1 1 1 1
0.10 0.074 0.01 0.115 0.022 1 1 1 1

LOF

0.20 0.163 0.021 0.225 0.039 1 1 1 1

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Credit card
0.05 0.039 0.004 0.066 0.011 0.967 0.863 0.983 0.917
0.10 0.083 0.009 0.123 0.021 0.982 0.916 0.993 0.953

IForest

0.20 0.168 0.023 0.238 0.045 0.992 0.951 0.997 0.973

0.05 0.034 0.005 0.109 0 0.03 0.005 0.047 0.01
0.10 0.071 0.009 0.153 0.005 0.055 0.009 0.09 0.017

LOF

0.20 0.158 0.017 0.248 0.088 0.109 0.016 0.155 0.029

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

KDDCup99
0.05 0.035 0.004 0.062 0.01 0.998 0.971 1 0.989
0.10 0.077 0.009 0.11 0.021 0.999 0.988 1 0.997

IForest

0.20 0.167 0.019 0.215 0.037 1 0.996 1 1

0.05 0.032 0.003 0.09 0 0.061 0.013 0.087 0.024
0.10 0.072 0.005 0.14 0.011 0.103 0.022 0.144 0.036

LOF

0.20 0.16 0.014 0.258 0.069 0.178 0.036 0.236 0.052

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Mammography
0.05 0.036 0.003 0.072 0.009 0.489 0.177 0.667 0.311
0.10 0.073 0.007 0.116 0.022 0.615 0.266 0.767 0.433

IForest

0.20 0.143 0.018 0.22 0.045 0.743 0.384 0.856 0.564

0.05 0.031 0.002 0.065 0.006 0.448 0.14 0.571 0.234
0.10 0.066 0.005 0.118 0.017 0.58 0.228 0.699 0.35

LOF

0.20 0.135 0.015 0.209 0.039 0.713 0.352 0.8 0.485

(Continued on Next Page...)
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Table A6: Outlier batch detection performance on real data, using Storey’s correction to control the FDR. Other details are as in Table A3.
(continued)

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

0.05 0.011 0.001 0.031 0 0.377 0.095 0.458 0.144
0.10 0.024 0.002 0.054 0.003 0.492 0.157 0.568 0.221

SVM

0.20 0.053 0.005 0.097 0.018 0.613 0.248 0.688 0.324

Digits
0.05 0.04 0.003 0.074 0.01 0.924 0.56 0.988 0.783
0.10 0.079 0.008 0.127 0.019 0.968 0.728 0.997 0.903

IForest

0.20 0.161 0.02 0.234 0.042 0.99 0.86 1 0.962

0.05 0.042 0.004 0.08 0.012 0.999 0.945 1 0.999
0.10 0.087 0.009 0.14 0.021 1 0.984 1 1

LOF

0.20 0.178 0.022 0.258 0.045 1 0.997 1 1

0.05 0.041 0.004 0.079 0.017 0.803 0.367 0.88 0.511
0.10 0.086 0.009 0.145 0.028 0.889 0.528 0.942 0.677

SVM

0.20 0.179 0.019 0.265 0.039 0.95 0.691 0.978 0.808

Shuttle
0.05 0.036 0.004 0.062 0.01 1 1 1 1
0.10 0.077 0.009 0.116 0.019 1 1 1 1

IForest

0.20 0.163 0.021 0.222 0.036 1 1 1 1

0.05 0.041 0.003 0.066 0.012 1 1 1 1
0.10 0.085 0.009 0.128 0.023 1 1 1 1

LOF

0.20 0.172 0.023 0.236 0.043 1 1 1 1

0.05 0.031 0.003 0.055 0.009 1 1 1 1
0.10 0.067 0.008 0.107 0.018 1 1 1 1

SVM

0.20 0.151 0.018 0.21 0.034 1 1 1 1
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Table A7: Outlier batch detection performance on real data, using different data sets, machine learning models, and nominal FDR levels.
Other details are as in Table A6.

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

ALOI
0.05 0.037 0.004 0.1 0 0.001 0 0.002 0
0.10 0.09 0.01 0.188 0.028 0.001 0 0.004 0

IForest

0.20 0.173 0.017 0.316 0.09 0.003 0 0.007 0.001

0.05 0.034 0.002 0.098 0 0.021 0.003 0.038 0.007
0.10 0.07 0.006 0.185 0.004 0.042 0.005 0.071 0.013

LOF

0.20 0.153 0.014 0.294 0.082 0.095 0.01 0.143 0.019

0.05 0.036 0.002 0.092 0 0.003 0 0.006 0.001
0.10 0.068 0.007 0.175 0.008 0.006 0.001 0.012 0.002

SVM

0.20 0.156 0.012 0.283 0.074 0.013 0.001 0.023 0.004

Cover
0.05 0.041 0.002 0.107 0 0.09 0.013 0.159 0.029
0.10 0.074 0.01 0.15 0.04 0.162 0.027 0.273 0.06

IForest

0.20 0.151 0.022 0.242 0.078 0.292 0.051 0.485 0.093

0.05 0.04 0.004 0.07 0.011 1 1 1 1
0.10 0.083 0.009 0.121 0.023 1 1 1 1

LOF

0.20 0.173 0.023 0.234 0.045 1 1 1 1

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Credit card
0.05 0.043 0.005 0.07 0.014 0.966 0.862 0.986 0.923
0.10 0.087 0.012 0.133 0.027 0.983 0.914 0.995 0.957

IForest

0.20 0.179 0.026 0.256 0.049 0.992 0.949 0.999 0.977

0.05 0.029 0.001 0.093 0 0.028 0.005 0.044 0.011
0.10 0.06 0.004 0.134 0.005 0.051 0.009 0.08 0.016

LOF

0.20 0.14 0.012 0.243 0.06 0.101 0.016 0.15 0.026

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

KDDCup99
0.05 0.037 0.004 0.061 0.012 0.998 0.972 1 0.991
0.10 0.079 0.009 0.117 0.02 0.999 0.988 1 0.997

IForest

0.20 0.166 0.021 0.232 0.038 1 0.996 1 1

0.05 0.036 0.001 0.102 0 0.062 0.011 0.094 0.021
0.10 0.076 0.004 0.153 0.01 0.104 0.02 0.154 0.034

LOF

0.20 0.161 0.012 0.264 0.053 0.18 0.035 0.261 0.059

0.05 0 0 0 0 0 0 0 0
0.10 0 0 0 0 0 0 0 0

SVM

0.20 0 0 0 0 0 0 0 0

Mammography
0.05 0.031 0.004 0.057 0.01 0.472 0.146 0.611 0.256
0.10 0.065 0.006 0.11 0.023 0.601 0.234 0.726 0.36

IForest

0.20 0.134 0.014 0.197 0.038 0.732 0.352 0.825 0.49

0.05 0.033 0.004 0.061 0.009 0.434 0.127 0.552 0.216
0.10 0.067 0.008 0.12 0.023 0.571 0.212 0.683 0.328

LOF

0.20 0.138 0.016 0.204 0.037 0.707 0.331 0.802 0.447

(Continued on Next Page...)
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Table A7: Outlier batch detection performance on real data, using different data sets, machine learning models, and nominal FDR levels.
Other details are as in Table A6. (continued)

FDR Power

Mean 90th percentile Mean 90-th quantile

Model Nominal Marg. Cond. Marg. Cond. Marg. Cond. Marg. Cond.

0.05 0.012 0.001 0.03 0 0.389 0.095 0.484 0.137
0.10 0.027 0.002 0.054 0.002 0.506 0.158 0.595 0.22

SVM

0.20 0.06 0.004 0.098 0.016 0.627 0.248 0.709 0.323

Digits
0.05 0.035 0.002 0.061 0.008 0.918 0.523 0.979 0.773
0.10 0.075 0.007 0.119 0.017 0.966 0.7 0.997 0.872

IForest

0.20 0.163 0.017 0.253 0.038 0.989 0.841 1 0.951

0.05 0.04 0.002 0.072 0.008 0.999 0.941 1 0.998
0.10 0.083 0.006 0.127 0.018 1 0.983 1 1

LOF

0.20 0.169 0.017 0.241 0.039 1 0.996 1 1

0.05 0.037 0.002 0.063 0.009 0.807 0.347 0.886 0.487
0.10 0.082 0.007 0.121 0.019 0.894 0.517 0.94 0.659

SVM

0.20 0.169 0.015 0.234 0.028 0.951 0.686 0.977 0.797

Shuttle
0.05 0.042 0.004 0.069 0.012 1 1 1 1
0.10 0.086 0.011 0.127 0.023 1 1 1 1

IForest

0.20 0.176 0.025 0.244 0.045 1 1 1 1

0.05 0.039 0.004 0.063 0.013 1 1 1 1
0.10 0.079 0.009 0.118 0.023 1 1 1 1

LOF

0.20 0.164 0.022 0.226 0.041 1 1 1 1

0.05 0.032 0.003 0.061 0.01 1 1 1 1
0.10 0.069 0.008 0.111 0.02 1 1 1 1

SVM

0.20 0.153 0.018 0.22 0.038 1 1 1 1


