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Abstract

Recent works on Bayesian neural networks
(BNNs) have highlighted the need to better under-
stand the implications of using Gaussian priors
in combination with the compositional structure
of the network architecture. Similar in spirit to
the kind of analysis that has been developed to
devise better initialization schemes for neural net-
works (cf. He- or Xavier initialization), we derive
a precise characterization of the prior predictive
distribution of finite-width ReLU networks with
Gaussian weights. Our analysis, based on the
Meijer-G function, allows us to quantify the in-
fluence of architectural choices such as the width
or depth of the network on the resulting shape of
the prior predictive distribution. We also formally
connect our results to previous work in the infinite
width setting, demonstrating that the moments of
the distribution converge to those of a normal log-
normal mixture in the infinite depth limit. Finally,
our results provide valuable guidance on prior
design: for instance, controlling the predictive
variance with depth- and width-informed priors
on the weights of the network.

1. Introduction

It is well known that standard neural networks initialized
with Gaussian weights tend to Gaussian processes (Ras-
mussen, 2003) in the infinite width limit (Neal, 1996; Lee
et al., 2017; de G. Matthews et al., 2018), coined neural net-
work Gaussian process (NNGP) in the literature. Although
the NNGP has been derived for a number of architectures,
such as convolutional (Novak et al., 2019; Garriga-Alonso
et al., 2019), recurrent (Yang, 2019) and attention mecha-
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nisms (Hron et al., 2020), little is known about the finite
width case.

One of the main motivations for our work is to better un-
derstand the implications of using Gaussian priors in com-
bination with the compositional structure of the network
architecture. As argued by (Wilson and Izmailov, 2020;
Wilson, 2020), the prior over parameters does not carry a
meaningful interpretation; the prior that ultimately matters
is the prior predictive distribution that is induced when a
prior over parameters is combined with a neural architecture
(Wilson and Izmailov, 2020; Wilson, 2020).

Studying the properties of this prior predictive distribution
is not an easy task, the main reason being the compositional
structure of a neural network, which ultimately boils down
to products of random matrices with a given (non-linear)
activation function. The main tools to study such products
are the Mellin transform and the Meijer-G function (Meijer,
1936; Springer and Thompson, 1970; Mathai, 1993; Sto-
janac et al., 2017), both of which will be leveraged in this
work to gain theoretical insights into the inner workings of
BNN priors.

Contributions Our results provide an important step to-
wards understanding the interplay between architectural
choices and the distributional properties of the prior predic-
tive distribution, in particular:

* We characterize the prior predictive density of finite-
width ReLU networks of any depth through the frame-
work of Meijer-G functions (Section 3).

* We draw analytic insights about the shape of the dis-
tribution by studying its moments and the resulting
heavy-tailedness. We disentangle the roles of width
and depth, demonstrating how deeper networks be-
come more heavy-tailed, while wider networks induce
more Gaussian-like distributions. We extend this ob-
servation to the infinite-width setting, observing how
different limiting behaviours emerge as we take the
infinite-depth limit (Section 4).

* Finally, we introduce generalized He priors, where a
desired variance can be directly specified in the func-
tion space. This allows the practitioner to make an



Precise characterization of the prior predictive distribution of deep ReL.U networks

interpretable choice for the variance, instead of implic-
itly tuning it through the specification of each layer
variance (Section 5).

2. Background
2.1. Fully Connected Neural Network

Given an input © € R?, we define a -parameterized L layer
fully-connected neural network fg () through the recursive
equations:

V(@) = XI5 Wie T (@)
* g0(@) = o (0 (@)

where Wi(jl) ~ N(0,0}) are normal initialized weights
and ¢ : R — R is a non-linearity, applied component-
wise. We refer to f()(x) € R% as the pre-activations
and to gV (x) € R% as the post-activations. When it
is clear from the context, to enhance readability, we will
occasionally abuse notation denoting f() := f()(x) and

g = gW(x).

2.2. Meijer-G function

The Meijer-G function is the central tool to our analysis of
the predictive prior distribution in the finite-width regime.
The Meijer-G function is a ubiquitous tool, appearing in a va-
riety of scientific fields ranging from mathematical physics
(Pishkoo and Darus, 2013) to symbolic integration software
(Adamchik and Marichev, 1990) to electrical engineering
(Ansari et al., 2011). Despite its high popularity in many
technical fields, there have only been a handful of works in
ML leveraging this elegant and convenient theoretical frame-
work (Alaa and van der Schaar, 2019; Crabbe et al., 2020).
In the following, we will introduce the Meijer-G function
along with the relevant mathematical tools to develop our
theory.

For s € C with RR(s) > 0, denote by I'(s) the Gamma
function defined as

F(s):/ e %dx (D
0

Now fix [ € N and consider b € R'. The Meijer-G function
(Meijer, 1936) G (z[b) is defined as

l
1
Gy e = g [ T[T+ s @
j=1

where the integration path £ defines a suitable complex
curve. For more detail on £ and the more general Meijer-
G function, we refer to the Appendix A. Small values for

l € N correspond to familiar functions such as the exponen-
tial G(l):(l) (2|0) = e~* and the modified Bessel function of

second kind Gg:g (%‘[%7 —%}) =2K,(2).

The defining property of Meijer-G functions is their closure
under integration, i.e. the convolution of two Meijer-G
functions is again a Meijer-G function. Combined with
the fact that most elementary functions can be written as
a Meijer-G function, this property becomes extremely
powerful to express complicated integrals neatly. Our
proofs leverage this result extensively by expressing the
integrands encountered in the prior predictive distribution
as Meijer-G functions.

3. Predictive Priors for Neural Networks

In this section we detail our theoretical results on the predic-
tive prior distribution implied by a fully-connected neural
network with Gaussian weights and ReLU non-linearity.

The proof technique used is very similar to its linear coun-
terpart (see Appendix C), the main difference stemming
from the need to decompose the distribution over active
and inactive ReLU cells. As a consequence, the resulting
density is a superposition of different Meijer-G functions,
each associated with a different active (linear) subnetwork.
This is presented in the following:

Theorem 3.1. Suppose | > 2, and the input has dimension
do. Define the multi-index set R = [d1] X - -+ X [dj—1] and
introduce the vector u™ € R through its components

U'{ = %(dz — T — dl)
1,0
ReLU Z l( 9l 52 >+ 05( ReLU)
ER

3)

where 02 = Hézl o? and qr, qo € R are weights.

We refer to Appendix D.2 for the detailed proof and the
closed-form expression for ¢,., which governs how much
weight is assigned to the corresponding Meijer-G function.

4. Analytic Insights into the Prior Predictive

While Meijer-G functions are not particularly suited for di-
rect practical applications, here we highlight how one can
use their mathematical machinery to derive interesting in-
sights, relying on numerous mathematical results provided
in the literature (Gradshteyn and Ryzik, 2013; Brychkov,
2008; Andrews, 2011). As a consequence, one can easily
move from the rather abstract but mathematically conve-
nient world of Meijer-G functions to very concrete results.
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We demonstrate this by recovering and extending the NNGP
results provided in Lee et al. (2018); Matthews et al. (2018).
In particular, our analysis allows for simultaneous width and
depth limits, showing how different limiting distributions
emerge as a consequence of the employed growth model
for L. Finally, we characterize the heavy-tailedness of the
prior-predictive for any width, providing further evidence
that deeper models induce distributions with heavier tails,
as observed in Vladimirova et al. (2019).

We hope that this work paves the way for more theoretical
progress in understanding priors, leveraging this novel con-
nection through the rich literature on Meijer-G functions.

4.1. Infinite Width: Recovering and Extending the
NNGP for a Single Datapoint

We will give an alternative proof for the Gaussian behaviour
emerging as the width of the network tends to infinity, re-
covering the results of Lee et al. (2018); Matthews et al.
(2018) in the restricted setting of having just one fixed input
x. Using the same technique, we extend these findings to
infinite-depth. For ease of exposition, we focus on the equal
width case, i.e. d; = --- = d;—; = m with one output
dr, = 1. To have well-defined limits, one has to resort to the
so-called NTK parametrization (Jacot et al., 2018), which
is achieved by setting the variances as 07 = 1 and 07 = 2
fori = 2,...,[. We summarize the result in the following:

Theorem 4.1. Consider the distribution of the output
p( IgeLL)U> = p™m ( flgeLL)U), as defined in Thm. D.2. Let
the depth grow as L = c¢+~m/ where 3,y > 0 and c € N
fixed. Then it holds that

(2k — 1)!! ifp<1
. Kf@))ﬂ M0, e (ok — 1)1 iff =1
69 ifg>1

(4)

where (2k — 1)I! = (2k — 1) ...3 - 1 denotes the double
factorial (by symmetry, odd moments are zero). Moreover,
for B < 1it holds that

P () L N(0,1) form = o0 )

The proof uses the fact that we can easily calculate all the
moments of flgfl_)U at finite width using well-known iden-
tities involving the Meijer-G function. For the limit, care
has to be taken as the moments involve the moments of the
Binomial distribution Bin(m, 3) for which recursive but no
analytic formulas are available. By carefully studying the
coefficients of the this polynomial, we obtain the result.

This result is in stark contrast to Lee et al. (2018); Matthews

et al. (2018) which cannot deal with a simultaneous depth
limit due to the inductive nature of their proof, but can only
describe the special case of fixed depth (v = 1,8 = 0).
Notice that for depth growing asymptotically at a slower
rate than width (L = ~m? for 3 < 1), we obtain the
convergence in distribution since the Gaussian distribution is
identified by its moments (See Theorem 30.2 in Billingsley
(1986)). Denote X ~ N(0,1), Y ~ LN(—27,2y) for
X 1 Y and the resulting normal log-normal mixture by
Z = XY. For 8 =1, we can also prove convergence of the
moments and identify them as arising from the normal log-
normal mixture Z (Yang, 2008). Unfortunately, this does
not suffice to conclude convergence in distribution as there
are no known results on the identifiability of Z. Empirical
evidence however, presented in Figure 3, suggests that the
normal log-normal mixture captures the distribution to an
excellent degree of fidelity.

The decoupling of the moments into two separate factors
gives insights into the role of width and depth on the shape
of the distribution. The emergence of the log-normal factor
in this infinite-depth limit highlights how deeper networks
encourage more heavy-tailed distribution, if not countered
by a sufficient amount of width. This becomes even more
drastic once depth outgrows width (8 > 1), leading to
divergence of all even moments. In the following section
we will show that also in the finite width regime, heavy-
tailedness becomes more pronounced as we increase the
depth.

(a)y = 0.01

(b)y =05

Figure 1: Convergence to normal log-normal mixture:
We display the CDFs of a ReLU network, a Gaussian and
the normal log-normal mixture. We fix m = 100, while
L ranges from 1 to 50 using the parameter . The neural
network CDF is constructed by drawing 10* samples from
the prior. Note that as L increases, the CDF departs from the
Gaussian but still follows the normal log-normal mixture.

4.2. Heavy-tailedness Increases with Depth

From the moments analysis, it is simple to recover a known
fact about the prior distribution of neural networks, namely
that deeper layers are increasingly heavy-tailed. To see this,
we can derive the kurtosis, a standard measure of tailedness
of the distribution (Westfall, 2014), defined as:

E[(x - E[x])*

W= (©6)
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where X is a univariate random variable. We can calculate
the kurtosis of a ReLU network analytically at any width, re-
lying on closed-form results for the lower order moments of
the Binomial distribution. We outline the exact calculation
in the Appendix D and state the resulting expression:

-1
m+ 5) ™

awu(m, L) =3 ( "
IiRLu(m) 3<m

Note how the kgerLy increases with L and decreases with
m, highlighting once again the opposite roles those two pa-
rameters take regarding the shape of the prior. As expected,
for fixed depth L, the kurtosis converges to 3, which is the
kurtosis of a standard Gaussian variable N'(0, 1). For the
simultaneous limit L = ym, we find a value of 357, which
exactly matches with the expression derived in Thm. 4.1.

5. Prior Design

In Section 4.2, we have already outlined how the choice of
architecture influences the heavy-tailedness of the distribu-
tion. If a Gaussian-like output is desired, the architecture
should be designed in such a way that the width m signif-
icantly exceeds the depth L (small ), while heavy-tailed
priors can be achieved by considering regimes where L
exceeds m (big 7). Another consequence of our analysis
is that we can now directly work with the variance in the
function space, instead of implicitly tuning it by changing
the variances at each layer. In this way, the variance over
the weights has a clear interpretation in terms of predictive
variance, making it easier for the deep learning practitioner
to take an informed decision when designing a prior for
BNNs. The derivation is reminiscent of the analysis for
initialization schemes for neural networks, such as “He-
initialization” (He et al., 2015) in the Gaussian case and
”Xavier initialization” (Glorot and Bengio, 2010) for uni-
form weight initializations. As a consequence, we coin the
resulting prior Generalized He-prior.

Predictive variance:
2t2 . . .
0’% = 1 and 02-2 = <+, which, we show in Appendix D,

leads to the following predictive variance:

We consider the parametrization

V[Z) =0t [ ®)

Suppose we want a desired output variance o2. This can
be achieved as follows: let a;, with7 = 2,... lbel —1
coefficients such that Zi;} a; =1 — 1. Then choose 7 =

(02) =T implying that the layer variances o2 are given as

i

(0_2)1—1 , 9)

2
m

He-priors are a particular case when 02 = landa; = 1,7 =
1,...,1—1, while a standard Gaussian N (0, 1) prior results
ino2 = (m)""" o2 =1anda; = 1,i=1,...,1— 1.
Note how “’far” He-priors can be from standard Gaussian
for relatively deep and wide neural networks. While rather
innocent-looking, using a standard Gaussian prior can lead
to very high variance.

Combining with the previous insights, the practitioner can
now choose a desired output variance along with a level of
heavy-tailedness by specifying the architecture.

6. Discussion

We have shed light on the shape of the prior predictive distri-
bution arising from imposing a Gaussian distribution on the
weights. Leveraging the machinery of Meijer-G functions,
we characterized the density in the finite width regime and
derived analytic insights into its properties such as moments
and heavy-tailedness. An extension to the stochastic pro-
cess setting in the spirit of Lee et al. (2017) as well as to
the convolutional architectures (Novak et al., 2019) could
bring theory even closer to practice and we expect similar
results to also hold in those cases. This is however beyond
the scope of our work and we leave it as future work.

Our technique enabled us to extend the NNGP framework
to infinite depth, discovering how in the more general case,
the resulting distribution shares the same moments as a nor-
mal log-normal distribution. This allowed us to disentangle
the roles of width and depth, where the former induces a
Gaussian-like distribution while the latter encourages heav-
ier tails. Empirically, we found that the normal log-normal
mixture provides an excellent fit to the true distribution even
in the non-asymptotic setting. This surprising observation
begs further theoretical and empirical investigations. In
particular, discovering a suitable stochastic process incor-
porating the normal log-normal mixture, could lend further
insights into the inner workings of neural networks. More-
over, the role of heavy-tailedness regarding generalization
is very intriguing, potentially being an important reason un-
derlying the gap between infinite-width networks and their
finite counterparts. This is also in-line with recent empirical
works on priors, suggesting that heavy-tailed distributions
can increase the performance (Fortuin et al., 2021).

Using these insights, we described how one can choose
a fixed prior variance directly in the output space along
with a desired level of heavy-tailedness resulting from the
choice of the architecture. We leave it as future work to also
consider higher moments to give a more nuanced control
over the resulting prior in the function space.

Finally, we hope that the introduction of the Meijer-G func-
tion sparks more theoretical research on BNN priors and
their implied inductive biases in function space.
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Figure 2: (a) Plot of the Meijer-G functions G’lo’(g (+|b) forl =1,2,3 and b = 0, (0, 5), (0,5, 5). (b) An example path L in
the complex plane. Notice how the orange singularities are always to the left of £ and the red ones always to the right.

A. More Background and Additional Empirical Results
A.1. General Meijer-G Function

Here we introduce the general Meijer-G function for completeness. Fix m,n,p,q € Nsuchthat 0 < m < gand0 <n <p
and consider @ € R, b € R? such thata; —b; € Z~o Vi =1,...,pand j = 1,...,q. The Meijer-G function (Meijer,
1936; Mathai, 1993; Mathai and Saxena, 2006), is defined as:

1
Gt (2l5) = / x(s)z~%ds, (10)
L

T 2mi

where: m N

(s) = Hj:l L'(b; +s) Hj:l (1 —a;—s) .
?:m—&-l F(l - bj - 5) H?:n-{-l F(aj + 'S)
and the integration path £ defines a suitable complex curve, described in the following. Recall that the function I'(s) has
poles at 0, —1,—2, ... all the way to —oo. Hence, I'(1 — a; — s) has poles —a; + 1, —a; + 2, ..., all the way to oo, and
I'(b; + s) has poles —b;, —b; — 1, ..., all the way to —co. The path £ is defined such that the poles of I'(b; + s) are to
the left of £ and the ones of I'(1 — a; — s) are to the right of it. The condition a; — b; & Z~ makes sure we can find
such a separation as this implies that the poles do not overlap. We illustrate an example of such a path in Figure 2b. In
red we display the poles of I'(1 — a; + s) and in orange the poles of I'(b; + s). For interested readers we refer to Beals
and Szmigielski (2013) for a more extensive introduction. and the integration path £ defines a suitable complex curve,

(1)

— normal log normal mixture
aaaaaaaa

— normal log normal mixture
aaaaaaaa

— normal log normal mixture
SSSSSSSS
— relu net

log P(X > X)
log P(X > X)

0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
X X x

(a) v = 0.01 (b)y = 0.1 ©~y=05

Figure 3: Convergence to normal log-normal mixture: We display the CDFs of a ReLU network, standard Gaussian CDF
and the normal log-normal mixture. The width is fixed to 100 while depth is increased from 1 to 50 using the parameter .
The neural network CDF is constructed empirically by drawing 10* samples from the prior. Note that as depth increases, the
CDF departs from the Gaussian but still follows the normal log-normal mixture.
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Figure 4: Convergence to normal log-normal mixture: We show the density plots for the same setting as in Figure 3.
Note that as depth increases, the density departs from the Gaussian but still follows the normal log-normal mixture.

described in the following. Recall that the function I'(s) has poles at —1, —2, ... growing to —oo. Hence, I'(1 — a; + s)
has poles a; — 1,a; — 2,. .., diverging to —oo, and I'(b; — s) has poles b;,b; + 1, ..., diverging to co. The path £ is
defined such that the poles of I'(b; — s) lie to the right of £ and the ones of I'(1 — a; + s) to the left of it. The condition
a; — b; € Z~( makes sure we can find such a separation as this implies that the poles do not overlap. We illustrate an
example of such a path in Figure 2b. In orange we display the poles of I'(1 — a; + s) diverging to —oo and in red the poles
of I'(b; — s). For interested readers we refer to Beals and Szmigielski (2013) for a more extensive introduction.

A.2. Prior Predictive Distribution and Infinite Width

A precise characterization of the prior predictive distribution of a neural network has been established in the so-called
infinite-width setting (Neal, 1995; Lee et al., 2018; Matthews et al., 2018). By considering variances that scale inversely
with the width, i.e. 07 = d% and fixed depth L € N, it can be shown that the implied prior predictive distribution converges

in law to a Gaussian process:

fo % gP(0,55) (12)

where 2(5) : R4 x R?, @, x’ — () (z, ') is the NNGP kernel (Lee et al., 2017), available in closed-form through the
recursion

SW(@,a) =22, SV (@,2') =B, o510 [0(z1)0(22)] (13)

»O(x,z) O (x, )
»O(x' x) O x)
limit theorem in conjunction with an inductive technique, letting hidden layer widths go to infinity in sequence. Due to
the Gaussian nature of the limit, exact Bayesian inference becomes tractable and techniques from the Gaussian process
literature can be readily applied (Rasmussen, 2003). Although theoretically very appealing, from a practical point of view,
infinite-width networks are not as relevant due to their inferior performance on a variety of computer vision tasks (Novak
et al., 2018). Gaining a better understanding of this performance gap is hence of utmost importance.

forl=1,...,L —1and where () = ( ) € R?*2, The proof relies on the multivariate central

A.3. More Empirical Results

Here we present more experiments regarding the normal log-normal mixture and the prior predictive distribution arising in
the finite-width regime. In Figure 3 we display the CDFs for more values of . Again we observe an excellent match across
the different regimes, while the Gaussian approximation starts perform badly as soon as the depth is increased too much. To
further assess the distributional match, we repeat the same experiment for the PDFs and observe the same the behaviour in
Figure 4.

B. Properties of Meijer-G function

Here we describe the properties of Meijer-G functions which we will use extensively in the following.

The first result concerns the Mellin transform of the Meijer-G function, which will be the key to solve the integrals that we
will face later.
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Proposition B.1 (Mellin transform of the Meijer G function).

e 1 _ H F(b +8) H] 1F(1_a.] _S)
/ oG (wr) = w T =g
0 ’ j=m+1 F( b - 8) H_j =n+1 F(aj + S)

Proof. See Chapter 3.2 of (Mathai and Saxena, 2006). O]

(14)

To establish the base case m = 1, we need the following results.

Proposition B.2. The following identities hold:

)

inli 4 . Sdommn at ... m,n ar+d ... ap+d
* multiplication by power property: z°G", (z| by ) G (z| bt bt

* exp(z) = G(l):(f (z

Proof. See Chapter 2.6 of (Mathai and Saxena, 2006) for the first identity. The last property follows directly from the
definition of Meijer-G function. O

To perform the inductive step, we will encounter the following integral, that can be expressed in terms of the Meijer-G
function.

Proposition B.3.
/ e (@ — )7 O (o] ) do = T(0)GTY (ol 25 L) (15)
1

C. Proof for Linear Networks and Derivation of their Moments

Here we collect all the results regarding linear networks, establishing the relevant technical Lemmas to derive the density
and calculate the moments of the resulting distribution.

Lemma C.1. The units of any layer are uncorrelated, i.e.

Cov (£, 1) =0 (16)
Sor all layers |, and for all k, k' € [d)]
Proof.
dy_1 dy_
Cov (10, 180) = Cov | 3 1WA, Zf(l D), a7
j=1 j'=1
dy_1 dy_
—E |3 s w Zf” Ywil, (18)
j=1 j'=1
S [ A=y 0170
-1 l -1 l
=Y Y E AW W (19)
j=1j'=1
©® [ 0-1 0-1) 0 0
-1 -1 l l
=S SRR E W] (20)
j=1j'=1
-0 (21)
O

However, they are not independent, but only conditionally independent given the previous later’s units. As a remark, note
that as d; — oo, the units f,?) approach a Gaussian distribution, for which uncorrelation implies independence.
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C.1. Main technical Lemma

Here we prove the main technical Lemma that allows us to perform the inductive step.

Lemma C.2. Let f' and f'=' be a d;-dimensional and a d;_,-dimensional vectors, respectively. Let 02 > 0, 52 > 0 be
two variance parameters, and by, ...bj_1 € R. Then the following integral.:

@)12 _
7 ::/ 1 e—%Glfl,O [EAi
ré-s (|| £0-D|2) AN

bi,.. .,bz_l) df'=1, (22)

has solution:

1 1
Oyi(dlq —dl)+b17~--»§(dzf1 _dl)+bl1> ; (23)

Proof. The proof is based in two steps: in the first steps, we will write the integral in hyper-spherical coordinates. In the
second step, we will apply a useful substitution and the properties of the Meijer-G function to solve the integral.

1. Hyper-spherical coordinates Apply the following substitution:

1Y = cos(y1) (24)
7Y = rsin(1) cos(72) (25)
(26)

£ = rsin(h) - sin(ya,_, 1), @7

where r € Rxq is the radius and 71, ... vq,_,—2 € [0, 7] and 4, ,—1 € [0, 27]. The Jacobian is:

cos(y1) —rsin(y;) 0 0 ... 0
- sin(y1) cos(y2) rcos(y1)cos(yz) —rsin(yy)sin(yz) 0 ... 0
Jp = (28)
rsin(y1) - sin(yg, 1) rsin(y1) -+ cos(va, ,-1)
, where it can be shown that its determinant is:
|| = pdi-1—1 sind“l_Q(vl) sind“l_g('yg) -+ sin(yg,_,—2)- (29)
Therefore:
di—1
H dfi(l_l) = phi--t Sindlilig(’yl) Sindl7173(72) T Sin(7d171—2)d7”d71 T drydl—l_l' (30)
i=1

By noting that the integral we are trying to solve depends only on || f(!~||> = 72, we have that the density is, up to a
normalization constant independent of f(:

A d d;—1 —”f(f.f)”; 1-1,0 r?
I:C r 1—1—a;— e 202 T GOl—’l

Ty bl,...,bll) dr G
N —di1 o (IFOLP 10 (1
:C/le 1 1Go,1<202r2 0) Goimi gz

w
where we call C' the angular constant due to the integration of the angle-related terms (that do not depend on r, but only on
d;—1). We compute the angular constant in Lemma C.6. In the last step we have applied the identity between the exponential
function and the Meijer-G function as in Proposition B.2.

be,... ,bll) dr, (32)
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2: Substitution and Meijer-G properties Defining d = % (d;_1 — d;), and applying the substitution z = %

) )2
I= 0/ (2" 5at)1Gh0 ("c” 0) Gl (w

2l02 521

bl,...,bl_1> 9% G~ 3 dx (33)

cod-1y=2d [ a1 10 (IFP] 1-1,0
502 ( 1)0'2 /x 1G071 <W 0 GOJ*I €T bl, . .7bl_1 dx (34)
W] ~
Defining 02 = 02,52, a? := ”fll and C := $C24(1=152¢_ and expanding the Gé:? term according to the definition, we

get:

a-1_1 a*\ "’ 1-1,0
I = O X % F(S) ; GO,lfl T
1
- C% /F(s)a_2s / e 1Gf) l1 (1) (x bi, ..., bl—l) dxds (36)

where we can change the order of integration due to the fact that the integrand is positive in the integration region (Tonelli’s
theorem). Now by using Proposition B.1, the inner integral has the following solution:

/ std—1 = 10(33
0,l—1

bl,... ,bl_1> dsdx (35)

-1
bl,...bH) dr =[] T(d+b; +s) (37)

i=1

—HF( (di—1 —di) +b; +s) (38)

Therefore we can conclude that:

-1

1 1 —2s
[=Co [ T(s) Hr(i(dl_1 —d}) + b +s)a"**ds (39)
1=1
1 1
= CGZQ’S <a2 0, *(dl—l —dp) +by,..., 5(d171 —di)+ bz1> (40)
o (PO 1
=CGy, 2 0,5 (dl 1— dl)+b1,~~~7§(dzf1 —d)+bi—1 ), 41)

where we have simply applied the definition of the Meijer-G function.

C.2. Probability Density Function for linear networks

We state and proof the result on the probability density function for a linear network in the following.

Theorem C.3. Suppose | > 1, and the input has dimension dy. Then, the joint marginal density of the random vector )
(i.e. the density of the I-th layer pre-activations) is proportional to:

)
P(f(l)) x G 3 <||£l 2

1
0, = (d1 dp),. 0% (di—1 — dl)> , (42)

2 171 2
where 0° = [],_, o;

Proof. We proof by induction. For the base case, consider [ = 1. We have shown that

O~ N(0,031). 43)
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Therefore we can re-write its density as:

1 ARl
p(fM, .. fD) = T ex p< . ) (44)
(2m0?) 201
(1)])2
- lGé?(” , 0>, (43)
(2m0?) 201

where we have used the identity between the exponential function and the Meijer-G function (Proposition B.2).

_ _ -1
Now let 62 = Hl 10 Assume that p( f; o (t 1)) x G(l),l&(l) (W

o ddia 2015

0,1 (dy —di_1) ., A (dis — dH)).

Now we can use the fact that the the units of the /-th layer are conditionally independent given the previous’ layer units.
Furthermore the conditional distribution is Gaussian due to the fact that the weights are i.i.d Gaussian. Therefore we can
write:

P 0 = [ U I 2 a0 (46)

IFAQIIE

“/ R e (@7)
o @l VP

110 [ IIf¢
GO,l—l( ol-152

1
(d —di_),. g (di—g — dl_l)) dft=1. (48)

In the first step we have marginalized out the units of the [ — 1 layer, and applied the product rule of probabilities. In the
second step we have applied the induction hypothesis.

The integral is in the form of Lemma C.2. For the coefficients of the Meijer-G function by = % (d1 —di—1), ...,
bi—1 = 3 (d—2 — di—1), note that:

1 1 1
3 (di —dj—1) + 3 (di-1 —d)) = 3 (d; — dy) (49)

holds for all ¢ € [d;_5] and clearly by + % (di—1 —d)) = % (dj—1 — d;) as by = 0 in our case. Therefore by Lemma C.2 we
can conclude that:

1
2

p(fO .. 10) o 61O <||f(”||2 0,1

22

1
(di —dp) .. 2(dz—1—dz))- (50)

C.3. CDF of prior predictive

We also derive the CDF of the linear network in the following theorem and proceed to prove it.

Theorem C.4 (CDF of prior predictive). Let ! be the output of a of a linear network of | layers. We assume the final layer
is one dimensional. Then the the cdfis Fy(t) :== 1 — P(f' > t),t > 0. We have that

PU > 1) = G (wr

1
—zé 0bg ... bll) ? 1)

where b; = $(d; — 1), i € [l — 1], C is the normalization constant and w = 5.
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Proof. Let X = f'.

1 oo
P(X >t)= C/t Gol (wx2 0,by,... ,bll) da (52)
t oo
=5 /. yf%c;f;f} <wt2y O,bl,...,bl_l) dz (53)
ot _ut10 2| 1
= %Gl,Hl (Wt _2% 0by ... bi_1 ) 54

where in the first step we have used the result of C.3, in the second step we have applied the substitution y = 1’—22 and in the
last step we have used Equation 15 with p = %, o =1and a = wt? O

C.4. Resulting Moments for Linear Networks
Define w = ﬁ Denote by p the unnormalized measure and define the random variable
Z=fV13

We are interested in the k-th moment of Z. Using spherical coordinates and the properties of the Meijer-G function in a
similar way as the proofs above, we get:

1 !
B(2] = & [ I18GH (wlal?

1 1
a2ah—axnw2uhyﬂm)w

_ Q °°r2k+dl_1Gz,o wr?|0 l(d1 —dy),... 1(0554 —dy) | dr
C Jo 0.t "2 2
Co [ oy 1 L

-/ ﬁ*ﬁ1G$<MZQ2M1—@%~w2@ll_@0dx

=~ l

Cr 4 d;
I |
Tond H <2+)

l d; l
I (%+k-1) d;
k 1 _2vk—1 2 12 @ B
E[Z*] = (2'0?) E(F(?) )(20)E<2+k 1) (55)
l
=E 2 o [ (di +2(k — 1)) (56)
i=1
so the kurtosis is:
l
- (d; 221 di +2
@ r20-1)  fra -
[Ticidi o G
Ifd, =---=d;_1 = m, and d; = 1. For instance the variance (k = 1) is':
r(z+10)\""'ra+1) mi=11
2l 2 2 2 — 2l 2 i 2 l*l.
@ (Srgy) @ o 9

'By symmetry, all the odd moments are zero
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C.5. Proof of Lemma C.5

We also present the infinite-width and infinite-depth result for the linear case. Due to the linear nature, the proof simplifies
significantly compared to the ReLU case.

Lemma C.5. Consider the distribution of the output p(f1)) = p™(f1)), as defined in Thm. C.3. Denote X ~ N(0,1),
Y ~ LN (=7, 27v) and the normal log-normal mixture Z = XY .

For fixed depth L € N, under NTK parametrization , it holds that
m p(L)y @
p"(fY) = X form — o
In contrast, for growing depth L = ym, we have the following convergence of the moments

E [(f@))ﬂ moboo, 72k — TkGE-D) () — 1)1

where (2k — 1)!! = (2k — 1) ... 3 - 1 denotes the double factorial.

Proof. Recall that the moments of || f()]|, are given by

E[IFON3] = (2l0’2>kﬁridf)

where o2 = Hli:1 o?. Assuming d; = ...d;—1 = m and d; = 1 and the NTK parametrization 07 = 1 and 05 = --- =

o? = L simplifies this to
m

B _ (2 \ T+ HIG 1 E)
E [(f(w) ’“] _ <m?_1) I?(;)l_l 13(;
B (m%ll)k F(I%I;)EIT’“(% — 1
- <2]€’CF(1:§(T:LL)I€)>Z1 (2k — 1)
m Fl
= <2kk (5+r=1)..(5+1) ’;)H(Qk_l)u

Define the k-th order polynomial p(m) = (%% +k — 1) ... (%% + 1) 2. Denote its coefficients by c; fori = 1,... k. We

know that o, = 2% and from Lemma D.4 that

1

k
1 , k(k+1 k*—k
Q-1 = 5y g (k:fz):2k il <k2 ( ))_
i=1

2 2k
Assuming constant depth, performing the division by m* thus leads to

(o (oot v (V) ke (1450 o (L)) e

= <1+ (=2 ((k=DF) , o (1)> (2k — 1)

m m?

Now we can easily see that
2k N
E [(f(“) } MmO ok — )11
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Recall that for X ~ N(0, 1) we have the same moments Vk € N: E [X?*] = (2k — 1)!!, whereas the odd moments vanish
for both distribution due to symmetry. The convergence of the moments, due to Billingsley (1986) and the identifiability of
the Gaussian distribution implies convergence in distribution.

On the other hand, if we assume that depth grows proportional to width, i.e. | — 1 = ym for v > 0, we arrive at a different
limit given by

—1 1\ m—boo
<1+k(k)+o (2)) (2K — 1)l 222 (k=1 (9f — 1)1)
m ™m

Consider the random variable Z = XY where X ~ N(0,1) and Y ~ LN/ (s, t?) are two independent variables. For k € N,
we can compute the moments as

0 k odd

K22

(2k — 1)leks+73

]E[Zk} :E[Xkyk] :E[Xk}E[Yk] = { k even

Choosing s = —+ and t> = 2 hence recovers the moments exactly. O

C.6. Normalization Constant and Angular Constant

We complete the picture by calculating the normalization constant of the resulting distribution.

Lemma C.6 (normalization constant). Under the conditions of Theorem C.3, the normalization constant C for the density

of the I-th layer can be computed as:
1~
C=3G (21 2) HF( ) (59)

or, expanding C according to Lemma C.7:

7'&'% 1 -z di
ry 7)) 1IT(3 €0

proof of lemma C.6. The normalization constant has the following form:

@12 1
C= [ p(fdfV = / ehy Is l 2” (dl dp)...,5(d-1 —dy) ) df® (61)
R4 R4 ’ 2 2
- r2 1
_ dl 1 - _ - _
—Cl/o G 5l ,2(d1 dl)-~-a2(dl—1 dl)) dr (62)

1~ da; I X
2501/ :CZ 1GO (2
L 4L g
() T (3) o

1 1
,§(d1 —dl)...7§(dl,1 —dl)) dr (63)

where we used spherical coordinates and the substitution z = r2. We denote the angular constant by Cy, and according to
L

m

r(

Lemma C.7 has solution: é’l

m‘f-
—
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C.7. Proof of Lemma C.7

Lemma C.7. The angular constant:

27 T T
C = dvdl_l/ sindl*z(’yl)d'yl/ sindl*g(’yg)dyy--
0 0 0
has solution: .
~ 271'7l
C = =
(%)

Proof. The angular constant C~'l can be calculated as follows (for d; > 2):

2w ™ ™
X :/ dVdfl/ Sindl_Q(%)d%/ sin® =5 () dyy- -
0 0 0

d—=2
=27 H / sin®=* =1 (v ) dyy
k=1"0
d;—2
I(d — k- 1)
=2m H d—k—1 d—k—1 (2m)
pop 20T (=) T (= + 1)
o (emyhmr AP T(d — &k —1)
95 (d1=2)(di—1) P! T (dlfécfl) T (dz,72kfl + 1)

s
/ sin(ya,—2)dVd, -2
0

T
/ sin(ya,—2)dva, -2
0

(65)

(66)

where we have used Lemma C.8 to compute the integrals. If d; = 1, then there is no need to write the integral in spherical

coordinates and we can simply set C' = 1.

Now we can apply the Legendre duplication formula:

D(2)D(z + %) = 21722 /77 (22)

to the numerator term 2z = d; — k — 1 and get:

C) =

(27T)dl_1 dl*21—\ dl—2‘ F(dl—2k—1 + l)le_k?_Q

2

1 2

Note that that the product:

pt b (-1 1L T (A (dekel )

dﬁf@f}’“*%):F%—-l),r(dl;% 1
i D= +1) (%) (% D

Finally, we have the product
d[ —2

H odi—k—2 _ odi(d—2)— =200 _o(d,-2)

k=1

From which we can conclude, after some elementary algebraic manipulations:

n\;‘ﬁ-

~ 2T
C =
(%)

(67)

(68)

(69)

(70)

(71)
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Finally we prove the technical Lemma that we used in the previous proof.

Lemma C.8.
I'(k)

/0 sin®(z)dx = T (E)T (51 1) (2m) (72)

Proof. By integrating by parts, and using some algebraic manipulation, it is easy to see that:
1 k—1
/sin’“(a:)d:z: =-z sin* !z cos x + 5 /Sin’k_2 xdx. (73)

Evaluating the integral between 0 and 7, we get:

s k _ 1 T
/ sin®(z)dz = 7/ sin* 2 zdz. 74)
0 ko Jo

By unrolling the recursion:

T k=1)(k—=3)-- | [ dx=m if k is even
int (2)da = < 0 : 75
/0 it (@) de = [ sin(z)d =2 if ks odd (75)

The following expression includes both the even and the odd case:

" L'(k)
k
sin”(x)dx = 2w (76)
J, e = gy
In fact, if £ is even, then:
L'(k) (k-—1)(—-2)--
(2m) = : (2m)
FTHT G+ 250G -2
_ (kfl)(k—3)-~-7r
k(k—2)---
If k£ is odd, we use the identity:
k kE—2)!
p(f) - Go2T )
2 2735
where k!! is the double factorial. Following a very similar procedure, we get the desired result. [

Important Remark: Inthe ReLU case, we will see that that the integral is from O to g In that case, we get:

ER B
/0 sin”(x)dz = T (%)F(%—&—l)ﬂ- (78)

Therefore the angular constant is:
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.3 5 F ., z
Cy 7/ d%—l/ sin® (71)d71/ sin® (Vz)dw“'/ sin(yq,—2)dva,—2 (79)
0 0 0
7_‘_d172 %
=3 / sin®~* 7 () dye (80)
k=170
phi=1 422 T(d; —k—1)

= 81
o s raey ey o

di—1 dl*21—\ di—k—1 +l 271
i y Atk ) (82)

2 i1 L (== +1)
dl—l 2—(dl—2)
S B (83)
2wz F(?)
dy
T 2
= 72@—11“(%) (84)
C.8. Kurtosis of Linear Networks
Using the closed form expressions from Section C.4, we can describe the kurtosis of the output f(*) as
302 (m +2)-t m+2\""
Klin 1= —2% (21 lil) =3 ( > . (85)
oim m

In particular, the distribution is always more heavy-tailed than a Gaussian, for which k = 3 (i.e. the distribution is
leptokurtic). The second obvious conclusion is that depth increases the heavy-tailedness exponentially, which is in-line
with the theoretical results of (Vladimirova et al., 2019). On the contrary, the width has the effect of "normalizing” the
distribution, in particular in the limit of large width we have that:

lim k=3, (86)

m—ro0

which is the kurtosis of the Gaussian distribution, as anticipated from Lemma C.5.

D. Proofs for ReLLU networks and Derivation of their Moments

Now, we extend these results to ReLU networks. We need the following additional notation: we call 6(x — xg) the Dirac

. 1 €A . . . . -
delta function centered at xg, and 1 4 := {0 :Cl the indicator function. Also, we indicate with S the set of indices
else
1,...,d that index d random variables, and with  its power set, i.e., the set of all possible subsets of S. Note that |Q] = 2¢.

We will use the following lemma, which explains what happens to a joint density when the marginals are transformed by the
ReLU function.

D.1. Effect of ReLLU activation function on the joint density

Lemma D.1. Let p(f1, ... fq) be the joint density of the d random variables f1, . .. fq.* Assume p(f1,... fq) is symmetric
around zero. When we apply the transformation g; = ReLU (f;) to each i € [d], then the joint density of the transformed
variables has the following form:

1
PreLu(91; - - 9a) = Z oAl H 5(g9:)p(gs\a) H 1g;>o0, 87

AeQ i€A JES\A
where p(gs\ a) is the marginal density of the random variables whose indexes are in S \ A.

“We use the same notation for the random variable and the corresponding dummy variable in the density function.
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Proof. Again we use conditional independence: the activations g¢i, ..., g4 are independent given the pre-activations
f1,--., fa. So we can write:
PreLU(915 - -+, 9d) = /dp(glw";gd‘fl)"'afd)p(flv"'afd)df (88)
R
d
= [ I ptalsontsi..... faras (89)
RE =1

6(9:) fi <0

=0(g:)1¢,<0 +(g9; — fi)1#,>0. So we can write:
6(gi—fi) fi=0 fis fiz

Now, p(g;|fi) = {

d
PReLU(Y1, - - -5 9d) = /Rd [T 6@ .<0 + (i = fi)Lp20) p(fr, - -, fa)df (90)
=1
d
= /Rd T (0(9) s <0 +6(gi = fi)Lgi20) p(f1, - ., fa)d f 1)
=1
— [\ 3 (M otwtn IT oo~ 11550 | .. fa)if ©2)
R? scq \ica jES\A
- Z/A / H5 g) 1 0(g; = £)Ug20n(fr, . fa)df 93)
Aco /R JRA-14] jes\a
:ZH(S(gl /A/ H 5 f] ]]'f]>0p(f17"'7fd>df (94)
AeQicA 1y JRra=1Al jES\A
=> 1T / p(fa.gs\a)dfa [ 14,50 (95)
AcQicA JES\A
= Z ﬁ H5(gi)p(93\A) H 1y,>0, (96)
AEQ i€A jES\A

where in the second to last step we have used the well known property of the Delta function | fooo f(x)d(z — zo)dx = f(xo)
and in the last step we used the fact that the density p is symmetric around O. O

D.2. proof of Theorem D.2

Theorem D.2. Suppose | > 2, and the input has dimension dy. Define the multi-index set R = [dy] X -+ X [d;—1]* and

introduce the vector u" € R\—1 through its components u; = %(di —r; —dp).

(l) 2
10 ( S rerull
ReLU ZQTG01< ;Lg 0,u” | + qod( ReLU)? 97
reER
where 02 = Hézl o? and the individual weights are given by
I S R _ﬂlil d; 1
Gr =1 227 2%(0%) 21:[ " m, 98)
and l
=i
24 1
w=1-]]% (99)

“Here [d;] :={0,...,d; — 1}
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Proof. Before starting the proof, note that there is a special case the has to be handled separately: the case in which all units
are inactive, i.e., the ReLU activation sets to zero all the pre-activation in a layer. This will be handled at end of the proof.
First, let’s assume that there is at least one active unit per layer.

The proof is again by induction. The base case (I = 2) is stated in Lemma D.3. For the general case, we use again an

identical approach as in Theorem C.3. We expand the coefficients and write ¢l := (d,’) m where [ > 0 is the

layer index. Induction step: assume that the pre-nonlinearities have the following form:

dy—1 dj—2—1
- - BD =5 B ot Vi 5 RN N =5 §
N R R D DL AR DI et e (O (100)
7‘1:() T — 2_0
B (I-1)12 1
Gg,ﬁ?(”; — 2” 0, —(d —r - dl_l),...,Q(dl_z—m_z—dl_l)), (101)
where 52 = []:Z 10 We know from Lemma D. 1, that the activations g( 1),...,g(l 1) have the following density:
i=1 d;_ g y
-1 -1 -1 1 1
prauu(el Vg =Y |A| [Tota" g I 1o,0 (102)
AeQ i€A JES\A
di—1 di_o—1 B
D = B ot L = BN S 5 |
Y e Y et e a0y
AEQ r1=0 ri—2=0
1—1,0 ||gS\A ||2 1 1
GO,l*l W ,5 (dl —7r — dA) goeny 5 (dl_g —Ti—2 — dA) (104)
[T T 1450, (105)
€A JES\A
where d4 := |S\ A| = d;—1 — |A|. Also, here we abuse the notation and consider that S is not in the power set, i.e.,

S & Q. This is to be consistent with the fact that we are handling the case in which at least one unit is active after the ReLU
activation is applied. Now following a similar procedure as in Lemma D.3, we have

(1) = /Rdmp(fl(l)w.-féf)\gil*l 95 Dprau(or Vgl )dg Y, (106)

>0
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which is equal to:

@z d;—1 di—2—1

1 So2a(=—12 1—2
CETTES LS Y aon
_ a A T _
/ (2mo?||gt-V]2) ¥ AeQQ‘ e S s
di_1—1A| (A=1)(dj_1—1AD 2 di_1—1A|
o 3 (G2~ = (108)
[P 1
-1, S\A
Gout) | Setes |05 (=i =da) o5 (i = i — da) (109)
[To6" ™) TI 1g,50dg"" (110)
i€ A JES\A
_d171—IAI2_(l—1)(d171—IAI) ~9 _dlfl—\A\ di—1 dj_o—1
ﬂ' 2 2 g 2 1 l—2
-y : LI I am
AeQ 2|A|(27r0l2)7[ r1=0 ' r1—2=0 o
1 _ Hf((’l)l\f)
202 |lgg 4 112
/d, (= iree s SRR (112)
(llgs\a’ll?)
[P 1
-1, S -1
Goitt ﬁ 0,5 (dh =71 —da),.., 5 (dia =112 — da) dgé\A) (113)

For each set A we have a (d;_1 — | A|)- dimensional integral that can be solved using once again Lemma C.2 2. Note that
for the new Meijer-G coefficients of Lemma C.2:

1 1 1
3 (di —ri —di—1 +|A]) + 3 (dic1 — Al — ) = 3 (di —ry —di) (114)

holds for all i € [d;_»]. Therefore the solution of each integral is equal to

1 -
5CAQ%(dzf1—\A\—dz)(l—l)(}(dza—|A\—dz) (115)
o (IIFVI? ] 1 1
GO,l ( 2l5'2 ,§(d1 —Tl—dl),...7§(dl,1—7"l,1 —dl) . (116)
The new coefficient for every set A is:
_diamlAl =D - [AD o dig 1Al
= T T L oAl (-1 5 (i~ A -d) (117
24 (2ro?) 2 2
dzw (=11~ \Awm Sl
2- 1
_ - ’ - (118)
2MT(2702) % 2 gt a—ja-fr (1Al
C’AQ%(M—dz)(l—l)g(M—dz) (119)
r—F0-% (02)-F
P e 120
()
Therefore, because the dependence on A is only through its cardinality rl 1 := |A|, we define:
di— 1
dl= < l 1) (121)
- T1—1/ 9diaT (dzf1grzf1)

Zsee proof of Lemma D.3 for a small but important detail of this integral
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So the solution is:

dy—1 di—1-1
CUSERY ED DEAED DICAT Ao 122
r1=0 r—1=0
1
Gel <||]; [§ 0,= (dlf T —dp),. 2(dl—17‘l—1dl))' (23)

Special case: all units are inactive If at least in one layer it happens that all post-activations are zero, then the distribution
of the network is a point mass at 0. Let’s call this event F, and its probability go. The probability of its complement E is the
probability that for all the intermediate layers, at least one unit is active. These are [ — 1 independent events, the probability
of each being 2~
conclude that:

(one unit is active in 2% — 1 cases out of the all possible combinations of units). Therefore we can

—1 2di71

(124)

O

D.3. Base case for ReLU nets

Lemma D.3 (second layer pre-activations density). Let o = 0102. Conditioned on the event that at least one unit of the

first layer is active ( gj(-l) # 0 for at least one j € [d1)), the density of the second layer’s pre-activations fl(z), .. (2) is the
following linear combination of Meijer-G functions:
di—-1 2)]12
2 2 _ _dy —ay o0 (|FP] 1
p(f2, £ =Y 2 (0?) Fa Gg,g( o2 |0 5((di—r)—dy) ), (125)
r=0
. (d 1
where Cr = (Tl)@.
Proof.
p(f, . 2 = /dl p(F2, 200 g prey (g§1), gfﬁ)) g (126)
RY,
do
= / [Tr(r18™) HpRpLU (912)) ag® (127)
R, ko1 k=1
1 (2)12
:/ 7 exp( 7||'f (|1‘ 2) (128)
L (2n02| g |]2)F 203|1gM||
5(g™) 1 Z:z'€«<>‘\A(5’i(1))2 1 ) 12
Z \A\ H )dl%m exp | — 207 H g§1>>0dg (129)
AeQ i€A 01 i€S\A
£ )
= exp| ——=—r— (130)
%2'“ 2mo?) " */dl ||g<1>||2% ( 203/1gV[2
> g
[T o) exp (—65;2 IT 2,00.0d9" (131)
i€A I i€S\A

where we can exchange sum and integration due to non-negativeness of the integration variables (Tonelli’s theorem). Also,
here we abuse the notation and consider that S is not in the power set, i.e., S & €). This is to be consistent with the fact that
we are conditioning on the event in which at least one unit is active after the ReLU activation is applied in the first layer.
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Now we can use the property of the delta function [ f(x)§(z — zo)dx = f(z() and the property of the indicator function
Ja f(@)leepdr = [ f(x)dz and get:

1 1
STAT = (132)
‘z%”M<%wﬂdJ“cw@%
1 @)]]2 g5 4112
/ e M exp | — o | gl (133)
(Hgs\AH )7 202”93\,4”2 71

Note that the above integral is (d; — |A|) dimensional due to the effect of the delta. Now the integral(s) above can be solved
in an equivalent manner as in the previous section using Lemma C.23, and they are equal to

(2)||2
70 9p2) 4 (d1—1A]- ) G20 |f
4(20 ) 402

1
0, 5((a 1) - ) (134
So we can conclude that:

P2, 1) = 232

AeQ (27“71)

(2)2
3:8<”f I ((d—lA\) >) (136)

402

Ca(20 )%(drflAI*dz) = 1 - (135)
(20'2)T

l\D\H

Q

2”‘1(201) %

(203) %75
Tak
G02< 4

where we have used the fact that the expression depends on the set A € 2 only through | A|, and therefore we can use the
fact that the number of subsets with r elements is given by the binomial coefficient ( ) Define:

QQ«m-wﬂ—dg), (138)

d 4 Cp »
e = <r1>7r e (139)
d At 1
1 _d T2 T
= 140
<r>ﬁ ol (B 7 (140
dy 1
= - 141
(7“)25111“(‘“2’”) (141)
So we can conclude:
o) o 20 (IIF2IP
(£, E > 2" G032 < |0 2((d1 —r) = d2)> . (142)
O

Remark Any non empty subset of d < dy units has the same distribution (with terms involving dy replaced by d).

3Note that the integral is only for the positive reals. Lemma C.2 can still be used because when switching to spherical coordinates, we
are interested in the radius part, while the angular constant can still be calculated, but now we the angles are all from 0 to 7
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D.4. Resulting moments

Letd; =1,dy,...,di-1 =m,andb; = S(m —r; —1),i=1,...,1— 1.

- - — 1.1 1 r
— ch Z cl”_llﬁ 323 (0?) 2/0 rszé’(l) (21 510,01, by 1) dr
’l"1:0 ’I“l_lfo
= Z C71n1 Z 65;711777%2%(0'2)*%/0 ;L’kfin)(; <2l 5 0, by, ,b 1) dz
7‘1_0 7‘[7120
"l e ~iob eyt (L _k_ir llr k bi
- Z Cry Z Crp ™ <U ) N 52 H + +
r1=0 ri—1=0 i=1

r1=0 ri—1=0 i=1
-1
’ m (k+ m 7')
= (2k — 1)!!2’“(1_1)02" ( ( )mT>
2.\ ) T
For instance, for the variance (k = 1) the sum becomes:
m m m -1 1 1
1
e 2 () prpagy Hat o (e )
r1=0 ri—1=0 i=1
Sy (Mmoo ()
0 1 2m+1 0 -1 m+1
ri= ri_1=

Now each sum can be solved independently:

£ 05w S0 50

7"i:0 7i:0
= le+1 [m2™ —m2m 1]
_m
4

Therefore the variance is:

L1, 51 1 m!=1
N 522(0 ) (2 21(02)3> 22(1-1)
_ 1 o ml—l
= 52 7 9201

O.le—l

9l—1

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

Note how the variance of a ReLU net is significantly reduce if compared with the variance of a linear network of the same

depth (compare with Eq. 58). Similarly, one can get the fourth moment:

3(0_2)2(m + 5)l71ml71

41 _
E[Z ] - 922(1-1)

(152)
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Therefore the kurtosis is:

-1
k=3 (m+5> (153)

m

Note how ReLU nets are more heavy-tailed than linear nets.

To calculate the asymptotic moments we need three technical Lemmas that express the quantities encountered in a better
form. First we describe the coefficients of a factorized polynomial:

Lemma D.4. Consider coefficients a1, . .., a, € R. Define the polynomial

m

p(x) = H(m +a;) = Z a;xt

i=1
Then it holds that o, = 1 and cu—1 = Y 10| a;.

Next we use Lemma D.4 to write the ratio of Gamma functions as a polynomial:

Lemma D.5. Fix k € Nand x € R. Then we can express the fraction of Gamma functions as follows:
z) k
2 i
=PFPi(z) =) ax
18 %

2

where Py, is a k-th order polynomial with coefficients oy, = 27F and a—, = R

Proof. The leading coefficient can easily be obtained from multiplying together the terms 5. From Lemma D.4 we conclude

that
k
1 1 (., kEED) K-k
et = e L= = 5 (k T2 )T TR
i=1

O

Next we need to control the sums involving the factorials. Since we just expressed the ratio of Gamma functions as a
polynomial, we essentially need to know how to control sums of the type

1 m
7> (1)

which amounts to controlling the moments of a binomial distribution with fault probability p = % We do this as follows:

Lemma D.6. Fix k, m € N. Then we can express the following sum as a polynomial ¥k € N:

m

3 3 (1) = B
r=0

where Q_1 is a k — 1-th order polynomial. Moreover, writing QQ; in monomial basis

it holds that oy = 1 and aq_, = " vl e N,

Proof. For a proof of the recursion, we refer to Boros and Moll (2004); Benyi (2005). Moreover the polynomials satisfy the
recursion

Qr(m) =2mQr_1(m) — (m — 1)Qr_1(m — 1)
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Denote by o the leading coefficient of ;. Using the recursion and performing a comparison of coefficients we see that
oF = 920k _ gkl — gk

Using the fact that for k = 1
1 &K (m m m
o D () =5 = 5 Q(m)
r=0

we conclude that oy = 1 and thus o, = 1 Vk € N. For the second coefficient, we will again use the recursion. Let us first
again express the polynomials in monomial bases, i.e.

k k—1
Qk(m) = Zaik)m’ ; Qk—l( ) = Z Z(,k_l)mi
1=0 =0

Using the recursion we thus see that
k k—1 k
Zaz(-k)ml = Z 2a£k_1)mz+1 — Z agk_l)(m — 1)t
i=0 i=0 i=0

We have to understand the terms involving m*~1. Thus we need to expand (m — 1)* which we can do with the help of
Lemma D.4:
(m—1)F =mk — kmbF=1 4 ...

We also need to expand the next polynomial as follows:
(m -1t =mh=t 4

Collecting all the coefficients, we end up with the following recursion for the second coefficient (which we denote by a_»:

o&) = 204(_16271) — a(_’“;” + k;oz,(f:ll)
= a(_’“{” +k
Using the fact that
Qi(m)=m+1

thus 04(_1% = 1, we conclude that

Finally, we need a result on exponential functions and their limit definition:

Lemma D.7. Fix c € Randy € R. Then we have the following limit:

c 1 (ym)
. < L _ e
(2 0(2)

We can now prove the convergence of the moments as follows.

Lemma D.8. Consider a ReLU network of equal width di = - -- = d;_ = m and its one dimensional output f"). Then,
under NTK parametrization 02 = 02 = 2,i =2 ..., 1 —1and oy = 1, it holds that

m’

E [(f(”)%} Mmoo, (9k — 1)1
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Proof. Recall that we arrived at

. [(f(l))%} = (2k — 1)N2kU=1) 52k (;ﬂ i <T>k(+m2)7)>l—1

r=

Using the NTK parametrization for ReLU, i.e. 07 = 1and 63 = --- = 67 = 2, this amounts to

E{(fm)ﬂ (2k — 1)1 (f;i( >W>H

r=0

We thus essentially need to understand the term
(k+251) (k+3)
M m 2mmk Z < ) m2 r 2mmk Z < ) )
r(k+250)

We first use Lemma D.5 to expand the ratio T as a polynomial. Denote the coefficients by §; fori = 1,...,k
2

(i # 0 because the polynomial has no intercept). We then swap the two sums:

M(m) zmme( )Zslﬁz— kZ@sz( )si

s=0

Now we can apply Lemma D.6 to expand the inner sum for each 4, denoting the corresponding polynomials again by Q;:

22k
M (m) mkz%@ 1(m)

Notice that m@;_1(m) is a polynomial of order i. For large m, the factor # dominates all such polynomials except for the
one with ¢ = k. Thus in the large-width limit it holds

m—>oo

M(m) —— 22k6

where we used that the leading coefficient of Q_ is 1. For fixed depth I € N, we can pull the limit lim,,—s o M (m)'~*

inside and conclude that o
E [(f(l)) } m7ee, (9k — 1)

For growing depth [ — 1 = ym, we have to be a bit more careful since we need to compute the coefficient in front of 2 et
similarly as in the linear case. We now need to collect all the polynomial terms in M (m) giving rise to a -~ L factor. Flrst
recall that

22k
M(m) = kz%@ 1(m)

m

The only coefficients contributing to % are the second highest coefficient of (J;_; and the highest coefficient of Q_o.
Using Lemma D.6 and Lemma D.5, we hence find that

M(m) =1+ 2% (ﬁkk(k —1) 2% + Bk_12,€11) % +0 (1>

2 m2

1 1 1 1
_ 2k

() Lo ()
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Applying D.7 concludes that

E{(ﬂ”>%}::@k—lﬂ!<1+<5miz:U>7;+49<W;>>Wm
m—co Syk(k—1)

2k —1)lle” 2

Finally, taking X ~ N(0,1),Y ~ LN(—3~, 5v) and defining Z = XY, we can easily see that

L k odd
177 = (2/@—1)!!@’““’62{2 k even

Matching the two moments expression concludes the proof.

E. Additonal results and lemmas

Here we list some of the moments arising from a Binomial distribution of the form U ~ Bin(n, %) We invite the reader to
sanity-check our results in Lemma D.6 regarding the coefficients of Q.

Lemma E.1. Consider the random variable U ~ Bin(m, %) We can calculate its first 5 moments as

* B[] =25, (1) = 3Qi(m) = 3 (m+1)
* BUF] = 30 (7)# = $Q2(m) = g (m? + 3m)
« BUY =" (T)i* = 2Qs(m) = % (m® 4 6m? + 3m + 4)
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