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Abstract

We study the problem of post-hoc calibration
for multiclass classification, with an emphasis on
histogram binning. Multiple works have focused
on calibration with respect to the confidence of
just the predicted class (or ‘top-label’). We find
that the popular notion of confidence calibration
(Guo et al., 2017) is not sufficiently strong—
there exist predictors that are not calibrated in
any meaningful way but are perfectly confidence
calibrated. We propose a closely related (but sub-
tly different) notion, top-label calibration, that
accurately captures the intuition and simplicity
of confidence calibration, but addresses its draw-
backs. We formalize a histogram binning (HB)
algorithm that reduces top-label multiclass cali-
bration to the binary case and explore its practical
performance in the post-hoc calibration setting.
We also formalize an HB algorithm correspond-
ing to the stricter notion of class-wise calibration.
In experiments with deep neural nets, we find that
our principled versions of HB are often better
than temperature scaling, for both top-label and
class-wise calibration. Code for this work will
be open sourced at https://github.com/
aigen/df-posthoc-calibration.

1. Introduction

Calibration is a desirable property of validity for proba-
bilistic predictions on a categorical outcome. For exam-
ple, consider a meteorologist who claims that it is likely
to rain on a particular day with probability 0.7. The me-
teorologist would be considered calibrated (Dawid, 1982)
when the following occurs: if 0.7 is predicted on D differ-
ent days of the year, then it indeed rains on roughly 0.7D
of those days (and the same holds for other probabilities).
In the same sense, an ML classification model would be
considered more reliable if it makes calibrated probabilis-
tic predictions for the classes (Platt, 1999; Zadrozny and
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Elkan, 2001). A popular notion of calibration in multiclass
classification settings is a simple ‘one-dimensional’ reduc-
tion to binary calibration proposed by Guo et al. (2017),
called confidence calibration, which we recap below.

Let X and [L] := {1,2,..., L} denote the feature and la-
bel spaces respectively. Consider a random point (X,Y)
drawn from some distribution P over X x [L]. Let ¢ :
X — [L] denote a classifier and h : X — [0, 1] a function
that provides a confidence score associated with the pre-
dicted class ¢(X). The predictor (¢, h) is said to be confi-
dence calibrated (for P) if P(Y = ¢(X) | h(X)) = h(X).
In other words, the fraction of instances where the pre-
dicted top label is correct, when the confidence h(X) is
p € [0,1], approximately equals p. It is common to
measure the confidence-miscalibration of (¢, k) using the
expected-calibration-error (conf-ECE):
conf-ECE(c, h) :=Ex |P(Y = ¢(X) | h(X)) — h(X)].
(1

While confidence calibration is a reasonable minimum re-
quirement, it is far from sufficient. Confidence calibration
merges predictions with the same value of h(X) across all
classes; this merging can lead to predictors that have low
conf-ECE but are not calibrated in any meaningful way.

Example 1 (Low conf-ECE does not imply meaningful cal-
ibration). We construct a predictor which is clearly miscal-
ibrated but has conf-ECE = 0. Suppose the feature space
is X = {a,b} and P(X = a) = P(X = b) = 0.5. Con-
sider a predictor (c, h) with class predictions c¢(a) = 1,
¢(b) = 2, and confidence values h(a) = h(b) = 0.6. Let
the true probabilities for the predicted class be P(Y =1 |
X =a)=02and P(Y =2 | X = b) = 1.0. Ob-
serve that no matter what X is, the predicted probability of
the top-label is 0.6, whereas the true probability is either
0.2 or 1.0. Despite this, the conf-ECE of (¢, h) is 0 since
PY =¢X) | h(X)=06)=05PY =1| X =
a)+05P(Y=2|X=5)=05(02+1)=0.6.

The reason for this strange behavior is that the probability
P(Y = ¢(X) | h(X)) is not interpretable for decision-
making. In practice, we always report both ¢(X ) and h(X).
Thus it is more reasonable to consider the conditional prob-
ability P(Y = ¢(X) | ¢(X), h(X)). Based on this under-
standing, we say that (¢, h) is top-label calibrated if

P(Y = ¢(X) | h(X), (X)) = h(X).
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(a) Confidence reliability diagram (points marked %) and
top-label reliability diagram (points marked +) for a pre-
temperature scaling ResNet50 model. The confidence reli-
ability diagram (mistakenly) suggests better calibration, un-

like the top-label reliability diagram.
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(b) Conf-ECE and TL-ECE estimates of base ResNet50 model, tem-
perature scaled (TS) model, and histogram binning (HB) model as the
number of bins is varied. Binning is competitive with temperature scal-
ing when assessing TL-ECE (green/orange solid curves), and appears to

have lower TL-ECE when the number of bins is small.
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(c) Class-wise and zoomed-in version of Figure la for bin 6 (left) and bin 10 (right). The markers % are in the same position as
Figure 1a, and denote the average predicted and true probabilities. The colored points denote the predicted and true probabilities when

seen class-wise. The histograms show the number of test points per class in bins 6 and 10.

Figure 1. Confidence reliability diagrams and conf-ECE scores underestimate the effective miscalibration of ResNet50 on CIFAR-10.

See the last paragraph of this section for a disambiguating
remark on terminology. Define the top-label-ECE as

TL-ECE(c, h) := Ex |P(Y = ¢(X) | e(X

2
The predictor in Example 1 has TL-ECE(c, h) = 0.4, re-
vealing its miscalibration. In Appendix E, we prove the
following proposition.
conf-ECE(c, h)

Proposition 1. For any (c,h), <

TL-ECE(c, h).

In practice, more benign versions of Example 1 occur,
where conf-ECE is not completely meaningless, but can
be misleading. Figure 1 illustrates this through the (test-
time) performance of a ResNet50 model (He et al., 2016)
on the CIFAR-10 dataset (Krizhevsky, 2009). The % mark-
ers in Figure 1a show a confidence reliability diagram, con-
structed using B = 10 fixed-width bins. The barplot in-
dicates the fraction of h(X) values that belong to each
bin. The top-label reliability diagram assesses reliability
when further conditioning on the predicted class. There are
L = 10 different top-label reliability diagrams, so in order
to make a comparison to confidence calibration, we esti-
mate the average miscalibration across classes,

Ay = E[[P(Y = e(X) | e(X),h(X)) ~ h(X)| | h(X) € Binb],

) h(X)) = h(X)].

and plot (confy,conf, + A,) if acc, >  confy;
(confy, conf, — Ap) otherwise (these are the + markers
in Figure 1a). We find that there is a visible increase in
miscalibration when going from confidence calibration to
top-label calibration. To understand why this change oc-
curs, let us zoom into bin 6 (h(X) € [0.5,0.6)) and bin 10
(h(X) €10.9,1.0]). Figure lc displays the class-wise top-
label reliability diagrams for these bins. Note that for bin 6,
the % marker is nearly on the X = Y line, indicating that
the overall accuracy matches the overall confidence. How-
ever, the true accuracy when class 1 was predicted is ~ 0.2
and the true accuracy when class 8 was predicted is ~ 0.9
(a very similar scenario to Example 1). For bin 10, the
v marker indicates a miscalibration of ~ 0.01; however,
when class 4 was predicted (roughly 8% of all test-points)
the miscalibration is ~ 0.05.

Figure 1b displays the aggregate effect of the above phe-
nomenon (across bins and classes) through binned esti-
mates of the conf-ECE and TL-ECE. This plot also displays
the ECE estimates when the base model is recalibrated us-
ing temperature scaling (Guo et al., 2017) and histogram
binning (Gupta and Ramdas, 2021; Zadrozny and Elkan,
2001). Since ECE estimates depend on the number of bins
B, we varied B in the range [5,25] to obtain unambigu-
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ous conclusions. We find that the TL-ECE of the pre- and
post- temperature scaling model is significantly higher than
the conf-ECE across all values of B. For example, when
B = 15, we observe that the TL-ECE of the temperature
scaled ResNet model is nearly double its conf-ECE (going
from ~ 0.011 to ~ 0.022). Further, while histogram bin-
ning appears worse than temperature scaling when assess-
ing conf-ECE, it performs comparable or better than tem-
perature scaling when assessing TL-ECE. Section 2 dis-
cusses top-label histogram binning in further detail.

Post-hoc calibration setup. This work is in the standard
post-hoc calibration setup, where we wish to recalibrate an
existing classifier using calibration data. The forthcoming
Algorithm 1 assumes access to an existing class predictor
¢ : X — [L] and confidence predictor g : X — [0, 1]. The
goal is to recalibrate g to h : X — [0, 1]. Further details
on this and relationships to other paradigms for multiclass
calibration are discussed in Appendix A.

Related works. Issues with confidence calibration have
been noticed before in other works (Kull et al., 2019; Vaice-
navicius et al., 2019; Widmann et al., 2019), but the pro-
posed solution in these works has been to consider notions
of calibration that require more than just the top-label to
be calibrated. Our work continues to advocate for calibrat-
ing probabilities only for the predicted class, which may be
sufficient in many domains. Nevertheless, in Section 3 we
develop histogram binning for class-wise calibration.

Note on terminology. The term conf-ECE was introduced
by Kull et al. (2019). Most works refer to conf-ECE as
just ECE (Guo et al., 2017; Kumar et al., 2018; Mukhoti
et al., 2020; Nixon et al., 2020). However, some papers
refer to conf-ECE as ‘top-label-ECE’ (Kumar et al., 2019;
Zhang et al., 2020), resulting in two different terms for the
same concept. We continue to call conf-ECE by its original
name, and our definition of top-label calibration and top-
label ECE (2) is different from previous ones.

2. Top-label histogram binning

Histogram binning (Gupta and Ramdas, 2021; Zadrozny
and Elkan, 2001) is a post-hoc calibration method where
the base model and calibration data is used to partition
X into a number of ‘bins’, and the empirical distribution
of the calibration Y; values in each bin is used to recali-
brate g. Algorithm 1 describes an HB algirithm for top-
label calibration. We start with a (miscalibrated) predictor
(¢ : X = [L],g : X — [0,1]). Then, the calibration
data D is divided into L different datasets {D; : | € [L]}
based on the predicted class ¢(X;) for each point. Now for
every | € [L], we calibrate g to h; : X — [0,1] using
D; and binary HB (line 4 calls Algorithm 2 of Gupta and
Ramdas (2021)). The final predictor is i(-) = he(.)(-). The

Algorithm 1: Top-label histogram binning

Input: Base predictor (¢, g), calibration data
D=(X1,),...,(Xn, Y
Hyperparameter: # points per bin k € N (say
50), tie-breaking parameter
§ > 0 (say 10710)
Output: Top-label calibrated predictor (¢, h)

h() — hc(.)(-);
return (¢, h);

1 forl«+ 1to L do

2 D+ {(X;, 1{Y; =1}) : (X)) =D}
3 ny; < |Dl‘;

4 h; < Binary-HB(g, Dy, |ni/k] ,0);

5 end

6

7

top-label predictor ¢(-) does not change in this process, and
thus the accuracy remains the same.

While previous empirical works on HB fixed the number
of bins per class, the analysis of Gupta and Ramdas (2021)
suggests that a more principled way of choosing the num-
ber of bins is to fix the number of points per bin. This is
parameter k of Algorithm 1. Given k, the number of bins
is decided separately for every class based on the amount
of calibration data available. This is particularly relevant
for top-label calibration since n;, the number of points
predicted as class [, can be non-uniform. Algorithm 1
adaptively sets the number of bins for class [ as [n;/k].
The tie-breaking parameter § can be arbitrarily small (like
10719); it is used to ensure that outputs of different bins
are not exactly identical by chance, so that conditioning
on a calibrated probability output is equivalent to condi-
tioning on a bin; this leads to a cleaner theoretical guaran-
tee. In Appendix B, we discuss assumption-free theoretical
guarantees for top-label HB, and experiments with a class-
imbalanced dataset where fixing k is practically useful.

Figures 2a and 2b compare the test-time performance of
HB to temperature scaling (TS) on CIFAR-10 and CIFAR-
100, with a ResNet-110 as the base model, and the loss
function as Brier score or focal loss, which are typically
better than cross-entropy for calibration (Mukhoti et al.,
2020). Since there is no class imbalance in CIFAR-10, and
to have unambiguous conclusions, we used a fixed num-
ber of bins per-class for HB (this is contradictory to Algo-
rithm 1). We ranged the number of bins range from 5 to 25.
The ECE of the base model and TS was estimated using
fixed-width binning, with the same number of bins as HB.

As previewed in Section 1, Figures 2a and 2b indicate that
(a) the TL-ECE estimate of TS is significantly higher than
the conf-ECE estimate, and (b) HB performs better than
TS with respect to the TL-ECE estimates, across differ-
ent numbers of bins. In Appendix D we define the max-
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(c) CIFAR-100, focal loss. (d) CIFAR-100, Brier score.
Figure 2. ECE of histogram binning (HB) and temperature scaling
with ResNet-110 on CIFAR-10 and CIFAR-100. HB has lower
estimated TL-ECE on CIFAR-10, but higher on CIFAR-100.

imum calibration error metric (MCE) metric (Naeini et al.,
2015) with respect to top-label calibration, and compare
HB and TS based on the MCE. We find that the relative
performance of HB for MCE is drastically better than TS.

CIFAR-100 has 100 classes and 5000 points for valida-
tion/calibration. Due to random subsampling, the valida-
tion split we used had one of the classes predicted as the
top-label only 31 times. Thus very few points are avail-
able for recalibration when split across classes, and we do
not expect HB to have small TL-ECE. This is confirmed by
the plots in Figures 2c and 2d. HB has higher estimated
TL-ECE than TS for most values of the number of bins.
However in Section 3 we show that for class-wise calibra-
tion, HB performs better than TS on CIFAR-100. This is
because in the class-wise setting, 5000 points are available
for recalibration, which is sufficient for HB.

Further results with other deep net architectures are pre-
sented in Appendix D.

The deterioration in performance of HB when few calibra-
tion points are available has been observed in other works
(Gupta and Ramdas, 2021; Kull et al., 2019; Niculescu-
Mizil and Caruana, 2005). Comparing our results to previ-
ous empirical studies, we believe that if sufficiently many
points are available for recalibration, or the number of
classes is small, then HB performs quite well. To be more
precise, we expect HB to be competitive if at least 200
points per class can be held out for recalibration, and the
number of points per bin is at least £ > 20.
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Figure 3. CW-ECE of non-normalized HB, normalized HB, and
TS, with ResNet-110 on CIFAR-10 and CIFAR-100. Non-
normalized HB performs the best overall.

3. Class-wise histogram binning

Class-wise calibration (Zadrozny and Elkan, 2002) requires
the full L-dimensional prediction vector to be calibrated. A
predictor h = (hy, ha, ..., hr) is said to be class-wise cal-
ibrated if forevery [ € [L], P(Y =1 | (X)) = h(X). A
measure of the class-wise calibration of (c, h) is the class-
wise-ECE (Kull et al., 2019):

CW-ECE(c, h) := L™ S Ex |P(Y = 1| hy(X)) — hy(X)].

3)
A common way to achieve class-wise calibration is to use a
binary calibration algorithm in a 1-v-all paradigm, to learn
L predictors hy, ha, ..., hr, which are then normalized so
that the final prediction sums to one. While the normal-
ization makes sense for interpretability, it is not required
by the class-wise calibration condition. In Appendix C, we
formally state a non-normalized class-wise HB algorithm
and show calibration guarantees for it. We were unable to
derive such guarantees for normalized HB. We hypothe-
sized that normalization could hurt the performance of HB
in practice as well, and found that this is indeed the case.
Figure 3 presents estimates of the CW-ECE for CIFAR-10
and CIFAR-100 with ResNet-110 (results with other archi-
tectures are presented in Appendix C). Non-normalized 1-
v-all HB performs better than TS in all our experiments,
and normalized HB performs worse than even the base
model. Guo et al. (2017) and Kull et al. (2019) have also
noted such negative results for normalized HB. Our exper-
iments reveal that these negative results are not inherent to
HB but are simply due to an incorrect normalization step.
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Figure 4. Paradigms of post-hoc multiclass calibration from most lenient (b) to most stringent (e). Plots (b—e) show the input for a
calibration method that aims to achieve the corresponding notion. The numbers in these tables are derived from a fixed base classifier g
applied to the calibration data D, given in plot (a). The top label is ¢(+), and g(+) is its confidence. Appendix A has further details.

A. Post-hoc calibration setting

This paper considers the standard recalibration or post-hoc calibration setting. We start with a fixed ‘pre-learnt’ base
model g : X — AL~ where X denotes the feature space and A“~! is the probability simplex in L dimensions. (To ease
readability, we typically use boldface characters such as g, h,Y to denote elements of A“~! or functions whose range is
AL~1) The base model g can correspond to a deep net, a random forest, or any 1-v-all (one-versus-all) binary classification
model such as logistic regression. The base model is typically optimized for classification accuracy and may not be
calibrated. The goal of post-hoc calibration is to use some given calibration data D = (X1,Y1), (X2, Y2),...,(X,,Yy) €
(X x [L])™, typically data on which g was not learnt, to recalibrate g. We use (X, Y") to denote a random point identically
distributed as the test point. For theoretical analysis, we assume that D is a fresh sample statistically independent of g, and
the (X;,Y;)’s are independent and identically distributed as (X,Y).

Our theoretical guarantees make no assumptions other than this i.i.d. assumption. Thus our guarantees hold even when
the data-generating distribution is arbitrarily non-smooth. This is known as the distribution-free setting (Gupta et al., 2020).
In practice, D is often the same as the validation data; if D is used for hyperparameter tuning, early stopping, etc., then the
i.i.d. assumption is violated.

Post-hoc calibration for multiclass classification can occur under four different paradigms, illustrated in Figure 4. Letting
g denote the I’th component of g, we can derive a top-label class predictor ¢ : X — [L] and a top-label confidence
predictor g : X — [0, 1] given by

c(-) = argmaxg(-), and g(-) = maxg(-), 4)
le[L) le[L]

assuming an arbitrary tie-breaking rule for the arg max. Confidence calibration (Figure 4b) cares only about g and the
indicators 1{Y; = ¢(X;)}. Top-label calibration (Figure 4c) also focuses on g, but additionally requires access to the
actual label predictions ¢(X;). This is used to produce one predictor for each label, denoted as hq, ha, . .., hr, but the final
predictor for top-label calibration is a single A that predicts the h; corresponding to the top-label: A = h(.)(-). The class
predictor ¢ is not changed in this process, and thus the accuracy of (¢, h) is the same as the accuracy of (¢, g). Class-wise
calibration (Figure 4d, formally defined and discussed in Section 3) also produces hi, ho, ..., hp, but h; is required to be
calibrated whether or not [ is the top-label. Unlike top-label calibration, a 1-v-all class-wise calibration method would use
the g; values on all n calibration points when learning h;.
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B. Distribution-free guarantees for top-label histogram binning

In this section, we show distribution-free calibration guarantees for top-label HB (Algorithm 1). Top-label HB recalibrates
g to a piecewise constant function h that takes one value per bin. Consider a specific bin b; the i value for this bin is
computed as the average of the indicators {1 {Y; = ¢(X;)} : X; € Binb}. This is an estimate of the ‘bias’ of the bin
P(Y =¢(X) | X € Binb). A concentration inequality can then be used to bound the deviation between the estimate and
the true bias to prove distribution-free calibration guarantees. In the forthcoming Theorem 1, we show high-probability and
in-expectation bounds on the the TL-ECE of the predictor learnt by HB. Additionally, we show marginal and conditional
top-label calibration bounds. These notions were proposed in the binary calibration setting by Gupta et al. (2020) and
Gupta and Ramdas (2021). In the definition below, A refers to any algorithm that takes as input calibration data D and an
initial classifier g to produce a top-label predictor ¢ and an associated probability map h. Algorithm 1 is an example of A.

Definition 1 (Marginal and conditional top-label calibration). Let ¢, o € (0, 1) be some given levels of approximation and
failure respectively. An algorithm A : (g, D) — (c, h) is

(a) (g, a)-marginally top-label calibrated if for every distribution P over X’ x [L],

P(IP(Y = e(X) | e(X).h(X)) = h(X)| <€) > 1~ a. )
(b) (e, @)-conditionally top-label calibrated if for every distribution P over X’ x [L],
P(w € [L],7 € Range(h), |P(Y = e(X) | ¢(X) = L,A(X) = 1) — 7| < 5) >1-a. ©6)

To clarify, all probabilities are taken over the randomness in the new point (X, Y") and in D (which is implicit in ¢, h since
they are produced by A(D, g)), all of which are i.i.d. from P. Marginal calibration asserts that with high probability,
on average over the distribution of D, X, P(Y = ¢(X) | ¢(X),h(X)) is at most £ away from h(X). In comparison,
TL-ECE is the average of these deviations over X. Marginal calibration may be a more appropriate metric for calibration
than TL-ECE if we are somewhat agnostic to probabilistic errors less than some fixed threshold € (like 0.05). Conditional
calibration is a strictly stronger definition that requires the deviation to be at most ¢ for every possible prediction (I, r),
including rare ones, not just on average over predictions. This may be relevant in medical settings where we want the
prediction on every patient to be reasonably calibrated. Algorithm 1 satisfies the following calibration guarantees.

Theorem 1. Fix hyperparameters § > 0 (arbitrarily small) and points per bin k > 2, and assume n; > k for every | € [L].
Then, for any « € (0, 1), Algorithm 1 is (g1, «)-marginally and (2, «)-conditionally top-label calibrated:

_ [log(2/a) _ [log(2n/ka)
g1 = Q(k—].) + 9, and Eg = 72“{_1) + 6. (7

Further, P(TL-ECE(c,h) < e3) > 1—a, and E [TL-ECE(c, h)] < /1/2k + 6.

The proof in Appendix E is a multiclass top-label adaption of the guarantee in the binary setting by Gupta and Ramdas
(2021). The O(1/ \/E) dependence of the bound relies on Algorithm 1 delegating at least & points to every bin. Since § can
be chosen to be arbitrarily small, setting & = 50 gives roughly Ep [TL-ECE(h)] < 0.1. Base on this, we suggest setting
k €[50, 150] in practice.

The principled methodology of fixing the number of points per bin reaps practical benefits. Figure 5 illustrates this through
the performance of HB for the class imbalanced COVTYPE-7 dataset (Blackard and Dean, 1999) with class ratio approxi-
mately 36% for class 1 and 49% for class 2. The entire dataset has 581012 points which is divided into train-test in the ratio
70:30. Then, 10% of the training points are held out for calibration (n = |D| = 40671). The base classifier is a random
forest (RF) trained on the remaining training points (it achieves around 95% test accuracy). The RF is then recalibrated
using HB. The top-label reliability diagrams in Figure 5a illustrate that the original RF (in orange) is underconfident on
both the most likely and least likely classes. Additional figures in Appendix D show that the RF is always underconfident
no matter which class is predicted as the top-label. HB (in green) recalibrates the RF effectively across all classes. Validity
plots (Gupta and Ramdas, 2021) estimate how the LHS of condition (5), denoted as V'(¢), varies with . We observe that
for all €, V (¢) is higher for HB. The rightmost barplot compares the estimated TL-ECE for all classes, and also shows the
class proportions. While the original RF is significantly miscalibrated for the less likely classes, HB has a more uniform
miscalibration across classes. Figure 5b considers a slightly different HB algorithm where the number of points per class
is not adapted to the number of times the class is predicted, but is fixed beforehand (this corresponds to replacing |n;/k]
in line 4 of Algorithm 1 with a fixed B € N). While even in this setting there is a drop in the TL-ECE compared to the RF
model, the final profile is less uniform compared to fixing the number of points per bin.
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(a) Top-label histogram binning (Algorithm 1) with £ = 100 points per bin. Class 4 has only 183 calibration points. Algorithm 1 adapts
and uses only a single bin to ensure that the TL-ECE on Class 4 is comparable to the TL-ECE on Class 2. Overall, the random forest
classifier has significantly higher TL-ECE for the least likely classes (4, 5, and 6), but the post-calibration TL-ECE using binning is quite
uniform.
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(b) Histogram binning with B = 50 bins for every class. Compared to Figure 5a, the post-calibration TL-ECE for the most likely classes
decreases while the TL-ECE for the least likely classes increases.

Figure 5. Recalibration of a random forest using histogram binning on the class imbalanced COVTYPE-7 dataset (Class 2 is roughly 100
times likelier than Class 4). By ensuring a fixed number of calibration points per bin, Algorithm 1 obtains relatively uniform top-label
calibration across classes (Figure 5a). In comparison, if a fixed number of bins are chosen for all classes, the performance deteriorates
for the least likely classes (Figure 5b).

C. Distribution-free class-wise calibration using histogram binning

We define marginal and conditional calibration for class-wise calibration, analogous to Definition 1, and state a histogram
binning algorithm that is calibrated with respect to these notions. We also show bounds on the CW-ECE of the proposed
algorithm (CW-ECE is defined in equation (3)).

A general algorithm A for class-wise calibration takes as input calibration data D and an initial classifier g to produce
an approximately class-wise calibrated predictor h : X — [0, 1]. Recall that we denote the component functions of h
as hi, ha, ..., hr. In the same fashion, define the notation € = (e1,¢9,...,e1) € (0,1)F and a = (a1, 9,..., 1) €
(0,1)".

Definition 2 (Marginal and conditional class-wise calibration). Let €, a € (0, 1) be some given levels of approximation
and failure respectively. An algorithm A : (g, D) — h is

(a) (e, a)-marginally class-wise calibrated if for every distribution P over X’ x [L] and for every | € [L]
PIPO =1 (X)) = (X)| < &) 21~ . ®)
(b) (e, ov)-conditionally class-wise calibrated if for every distribution P over X’ x [L] and for every [ € [L],
P(w € Range(h), |[P(Y =1 | ly(X) =7) —r| < gl) >1-a. )

Definition 2 requires that each h; is (g7, ;) calibrated in the binary senses defined by Gupta et al. (2021, Definitions 1 and
2). Leta = Zle oy and € = max;¢z) &;. Then (8) implies

P(Vle (L], [P(Y =1 | hi(X)) — hy(X)] §a) >1—a, (10)
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Algorithm 2: Class-wise histogram binning

Input: Base multiclass predictor g, calibration data D = (X1,Y7),...,(X,,Y,)

Hyperparameter: # points per bin k1, ko, . .., k; € N (say each k; = 50), tie-breaking parameter § > 0 (say
10710)

Output: L class-wise calibrated predictors hy, ho, ..., AL

1 forl < 1to Ldo

2 D+ {(X;,1{Y;=1}):ien])}

3 h; < Binary-histogram-binning(g, Dy, |n/ki] ,9);

4 end

5 return (hy, ha, ..., hr);

and (9) implies
P(Vl € [L],r € Range(h),|P(Y =1 | (X)) =7)—7r| < 5) >1-a. (11)

The choice of not including the uniformity over L in Definition 2 reveals the nature of our class-wise HB algorithm and
the upcoming theoretical guarantees: (a) we learn the h;’s separately for each [ and do not combine the learnt functions in
any way such as normalization, (b) we do not combine the calibration inequalities for different [L] in any other way other
than a union bound. Thus the only way we can show (10) (or (11)) is by using a union bound over (8) (or (9)).

To achieve class-wise calibration using binary routines, we learn each component function h; in a 1-v-all fashion. Algo-
rithm 2 contains the pseudocode with the underlying routine as binary HB. To learn h;, we use a dataset D;, which unlike
top-label HB (Algorithm 1), contains X; even if ¢(X;) # I. However the Y; is replaced with 1 {Y; = [}. The number of
points per bin k; can be different for different classes, but generally one would set ky = ... = kr = k € N. Larger values
of k; will lead to smaller €; and d; in the guarantees, at loss of sharpness since the number of bins | n/k; | would be smaller.

We now state the distribution-free calibration guarantees satisfied by Algorithm 2.

Theorem 2. Fix hyperparameters 6 > 0 (arbitrarily small) and points per bin ki, ko, ..., ki > 2, and assume n; > k; for
every | € [L). Then, for every | € [L], for any oy € (0,1), Algorithm 2 is (€Y, a)-marginally and (¢'?), a)-conditionally
class-wise calibrated with

(1) _  [log(2/ai)

. @ _ log(2n/kiay)
! 2(k; — 1)

+ 4, and £ 20k — 1) + 4. (12)

Further,

(a) P(CW-ECE(c, h) < maxe[z) 51(2)) >1-— Zle[L] oy, and
(b) E [CW-ECE(c, h)] < max;e(r; /1/2k; + 6.

Theorem 2 is proved in Appendix E. The proof follows by using the result of Gupta and Ramdas (2021, Theorem 2),
derived in the binary calibration setting, for each h; separately. As discussed in Section 3, unlike previous works (Guo
et al., 2017; Kull et al., 2019; Zadrozny and Elkan, 2002), Algorithm 2 does not normalize the h;’s. We do not know how
to derive Theorem 2 style results for a normalized version of Algorithm 2.

Figure 6 presents estimated CW-ECE values for four deep net architectures trained using two loss functions on CIFAR-10
across different values for the numbers of bins, and Figure 7 presents the same results on CIFAR-100. These plots compare
the base model, temperature scaling, non-normalized HB and normalized HB, same as the plots in Figure 3 of the main
paper; the plots from the main paper are also reproduced to ease comparison. In both plots, we find that non-normalized
HB performs much better than both the base model and temperature scaling, across all deep net architectures that we
considered.

D. Experimental details and additional results

This section presents further details and results to supplement those presented in Sections 1 and 2 of the main paper.
Appendix D.1 contains discusses the COVTYPE-7 dataset. Appendix D.2 contains discusses the CIFAR datasets. In
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(b) Optimized using Brier score.

Figure 6. CW-ECE of histogram binning (HB) and temperature scaling (TS) with deep nets on CIFAR-10. TS does not change the base
model CW-ECE much; HB reduces it significantly, and normalization appears to hurt HB significantly.

Appendix D.2, we also define a top-label version of the maximum calibration error (MCE) metric (Guo et al., 2017; Naeini
et al., 2015), and show results on the CIFAR datasets for this metric. Overall, we find that top-label HB typically performs
better than temperature scaling for MCE.

D.1. Top-label calibration of COVTYPE-7

We present additional details and results for the top-label HB experiments of Section 2 and Appendix B. The base classifier
is an RF learnt using sklearn.ensemble import RandomForestClassifier with default parameters. The
base RF is a nearly continuous base model since most predictions are unique. Thus, we need to use binning to make
reliability diagrams, validity plots, and perform ECE estimation, for the base model. To have a fair comparison, instead of
having a fixed binning scheme to assess the base model, the binning scheme was decided based on the unique predictions
of top-label HB. Thus for every [, and r € Range(h;), the bins are defined as {z : ¢(z) = [, hy(x) = r}. Thus while the
base model in Figures 5a and 5b are the same, the reliability diagrams and validity plots in orange are different. As can be
seen in the bar plots in Figure 5, the ECE estimation is not affected significantly.

When £ = 100, the total number of bins that were chosen by Algorithm 1 was 403, which is roughly 57.6 bins per class.
The choice of B = 50 for the fixed bins per class experiment was made on this basis.

Figure 8 supplements Figure 5 in the main paper by presenting reliability diagrams and validity plots of top-label HB for
all classes. Figure 8a presents the plots with adaptive number of bins per class (Algorithm 1), and Figure 8b presents these
for fixed number of bins per class. We make the following observations.

(a) For every class | € [L], the RF is overconfident. This may seem surprising at first since we generally expect that
models may be overconfidence for certain classes and underconfident for others. However, note that all our plots
assess top-label calibration, that is, we are assessing the predicted and true probabilities of only the predicted class. It
is possible that a model is overconfident for every class whenever that class is predicted to be the top-label.
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Figure 7. CW-ECE of histogram binning (HB) and temperature scaling (TS) with deep nets on CIFAR-100. TS does not change the base
model CW-ECE much; HB reduces it significantly, and normalization appears to hurt HB significantly.

(b) For the most likely classes, namely classes 1 and 2, the number of bins in the adaptive case is higher than 50. Fewer
bins leads to better calibration (at the cost of sharpness). This can be verified through the validity plots for classes 1
and 2 — the validity plots in the fixed bins case is slightly ‘above’ the validity plot in the adaptive bin case. However
both validity curves are quite similar.

(c) The opposite is true for the least likely classes, namely classes 4, 5, 6. The validity plot in the fixed bins case is
‘below’ the validity plot in the adaptive bins case, indicating higher TL-ECE in the fixed bins case. The difference
between the validity plots is high. Thus if a fixed number of bins per class is pre-decided, the performance for the
least likely classes significantly suffers.

Based on these observations, we recommend adaptively choosing the number of bins per class, as done by Algorithm 1.

D.2. Top-label calibration of CIFAR-10 and CIFAR-100

We present additional details and results for the top-label HB experiment in the main paper. We used the base models
trained by Mukhoti et al. (2020) on the following architectures: ResNet-50, Resnet-110 (He et al., 2016), Wide-ResNet-
26-10 (Zagoruyko and Komodakis, 2016), and DensetNet-121 (Huang et al., 2017).! Mukhoti et al. (2020) noted that
using the loss function as the Brier score, or their proposed focal loss, leads to the best performance pre- and post- TS. Our
experiment uses the exact base models that lead to the numbers in Table 1 of their paper (corresponding to the columns
‘Brier Loss’ and ‘FLSD-53’), and the same calibration data that was used for TS was also used for HB. We did not perform
any additional tuning, and our results are thus relatively free of selection biases.

The conf-ECE and TL-ECE estimation for the base model and temperature scaling was done using fixed-width bins
[0,1/B),[1/B,2/B),...[1 — 1/B,1]. Plugin estimates of the ECE were used, same as Guo et al. (2017). The TL-

'The models were obtained from www . robots.ox.ac.uk/~viveka/focal_calibration/ and used along with the code
atgithub.com/torrvision/focal_calibration to obtain base predictions.
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(a) Top-label HB with k£ = 100 points per bin. (b) Top-label HB with B = 50 bins per class.

Figure 8. Top-label histogram binning (HB) calibrates a miscalibrated random-forest on the class imbalanced COVTYPE-7 dataset. For
the less likely classes (4, 5, and 6), the left column is better calibrated than the right column. Similar observations are made on other
datasets, and so we recommend adaptively choosing a different number of bins per class, as Algorithm 1 does.
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Figure 9. Conf-ECE and TL-ECE of histogram binning and temperature scaling with deep nets on CIFAR-10. When assessed with
respect to TL-ECE (solid lines in all plots), histogram binning is always comparable to temperature scaling, and often performs better.

ECE estimation for top-label HB did not use further binning since HB is already a discrete output method (due to Jensen’s
inequality, any further binning will only decrease the ECE estimate). The conf-ECE estimation for top-label HB is trickier
since Range(h;) is different for different I, and thus the averaging across bins cannot be done unless we further define
bins based on fixed-width binning. We observed in our experiments that fixed-width binning decreased the conf-ECE of
top-label HB. To have a fairer comparison, instead of fixed-width binning, we merged the %’th bins across all classes for
estimating conf-ECE. That is, for a given k, we considered the bins across classes corresponding to the k/B and (k+1)/B
quantiles on calibration data, and computed the average confidence and accuracy for the test points that belong to these
bins (across all predicted top-labels).

Figures 9 presents results of our experiments on additional deep net architectures with CIFAR-10, to supplement Figure 2

in the main paper. Figure 10 presents results with CIFAR-100. The observations are very similar to those presented in the
main paper.

In some plots, such as the Wide-Resnet-26-10 plot in Figure 2b and Figure 9b, the blue base model line and the orange
temperature scaling line intersect. This is not surprising; it occurs since the optimal temperature on the calibration data
was learnt to be 7' = 1, which corresponds to not changing the base model at all. Even in such cases when temperature
scaling changes the base model by a little, or not at all, top-label HB is shows improved performance.

Next, we discuss results with respect to conditional calibration, or the maximum calibration error (MCE). Guo et al. (2017)
defined MCE with respect to confidence calibration, as follows:

conf-MCE(c,h) := sup [|[P(Y =c¢(X)|hX)=7r)—r|. (13)

rEeRange(h)
Conf-MCE suffers from the same issue illustrated in Figure 1. In Figure 1c, we looked at the reliability diagram within two
bins. These indicate two of the values over which the supremum is taken in equation (13): these are the Y-axis distances
(both less than 0.02) between the % markers and the X = Y line for bins 6 and 10. On the other hand, the effective
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Figure 10. Conf-ECE and TL-ECE of histogram binning and temperature scaling with deep nets on CIFAR-100. When assessed with
respect to TL-ECE (solid lines in all plots), temperature scaling typically performs better than histogram binning. In fact, the performance
of histogram binning is often worse than even the base model.

‘maximum’ miscalibration for bin 6 is roughly 0.15 (for class 1), and roughly 0.045 (for class 4), and the maximum should
be taken with respect to these values across all bins. To remedy the underestimation of the effective MCE, we can consider
the top-label-MCE, defined as follows:

TL-MCE(c, h) :=max sup |[PY =1|c¢(X)=0Lh(X)=1r)—r1]. (14)
l€[L] reRange(h)

Interpreted in words, the TL-MCE assesses the maximum deviation between the predicted and true probabilities across all
predictions and all classes. Following the same argument as in the proof of Proposition 1, it can be shown that for any
¢, h, conf-MCE(c, h) < TL-MCE(c, k). The TL-MCE is closely related to conditional top-label calibration (Definition 1b).
Clearly, an algorithm is (e, «)-conditionally top-label calibrated if and only if for every distribution P, P(TL-MCE(c, h) <
g) > 1 — a. Thus the conditional top-label calibration guarantee of Theorem 1 implies a high probability bound on the
TL-MCE as well. Since top-label HB ensures that each bin has roughly k points, we expect that reasonable levels of
calibration will be achieved across all bins. Consequently, we expect the MCE of top-label HB to be relatively small. This
is confirmed empirically in the upcoming results.

Figure 11 shows conf-MCE and TL-MCE estimates of deep nets on CIFAR-10 for top-label HB, temperature scaling, and
the base model. In Section 2, we had observed that top-label HB shows a slight but consistent improvement over tem-
perature scaling for TL-ECE. For TL-MCE, top-label HB shows a massive and consistent improvement over temperature
scaling across all architectures. Notice that for B = 15, the TL-MCE of temperature scaling is always larger than 0.2.
On the other hand, across different deep net architectures, loss functions, and numbers of bins, the TL-MCE of top-label
HB is always below 0.1. This is a powerful empirical result: for every test point € X, the prediction h(z) provided by
top-label HB is at most 0.1 away from the true probability E [Y = ¢(z) | ¢(X) = c(z), h(X) = h(x)].

Figure 12 shows conf-MCE and TL-MCE estimates of deep nets on CIFAR-100 for top-label HB, temperature scaling, and
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Figure 11. Conf-MCE and TL-MCE of top-label histogram binning (HB) and temperature scaling (TS) with deep nets on CIFAR-10. HB
shows multi-fold improvements over TS across architectures, loss functions, and numbers of bins. Unlike TS, the MCE is stable across
different numbers of bins. For the Wide-ResNet-26-10 model optimized with Brier score, the base model has an estimated TL-MCE as
well as conf-MCE of around 0.77. While TS did not recalibrate this model at all (7" = 1), top-label HB achives a TL-MCE of around
0.065, more than a 10-fold improvement.

the base model. In Section 2, we had observed that temperature scaling performs better than top-label HB when assessed
with respect to TL-ECE. For TL-MCE, we observe that the performance of top-label HB and temperature scaling is quite
comparable. For B = 15, the TL-MCE of top-label HB is always below 0.3. Further, the MCE of temperature scaling is

quite unstable as the number of bins changes, the most instabilities occuring for the ResNet-50 and ResNet-100 plots with
focal loss.

E. Proofs
Proofs appear in separate subsections, in the same order as the corresponding results appear in the paper.

E.1. Proof of Proposition 1

To avoid confusion between the the conditioning operator and the absolute value operator |-|, we use abs (+) to denote
absolute values below. Note that,

abs (P(Y = ¢(X) [ h(X)) = h(X)) = abs (E [1{Y" = ¢(X)} [ hA(X)] = h(X))
= abs (E [1{Y = ¢(X)} — h(X) [ h(X)])
= abs (B [E[1{Y = ¢(X)} = h(X) | h(X), e(X)] | A(X)])
< Efabs (E[L{Y = ¢(X)} = h(X) | A(X), c(X)]) | H(X)]

(by Jensen’s inequality)
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Figure 12. Conf-MCE and TL-MCE of top-label histogram binning (HB) and temperature scaling (TS) with deep nets on CIFAR-100.
The TL-MCE of HB and TS is comparable, but HB is more stable across different numbers of bins.

= E[abs (P(Y = e(X) | A(X), e(X)) — h(X)) | A(X)].
Thus,

conf-ECE(ec, h) E [abs (P(Y = (X) |
E [E [abs (P(Y
—E[abS( Y = (X) |

= TL-ECE(c, h).

Il

/‘\

>
==

E.2. Proof of Theorem 1

The proof strategy is as follows. First, we use the bound of Gupta and Ramdas (2021, Theorem 4) (henceforth called the
GR21 bound), derived in the binary calibration setting, to conclude marginal, conditional, and ECE guarantees for each
h;. Then, we show that the binary guarantees for the individual h;’s leads to a top-label guarantee for the overall predictor

(¢, h).

Consider any [ € [L]. Let P, denote the conditional distribution of (X, 1{Y =1}) given ¢(X) = [. Clearly, D; is a set
of n; i.i.d. samples from P, and h; is learning a binary calibrator with respect to P; using binary histogram binning. The

number of data-points is 7; and the number of bins is B; = |n;/k] bins. We now apply the GR21 bounds on ;. First, we
verify that the condition they require is satisfied:

n >k Lnl/k‘J > 2B;.
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Thus their marginal calibration bound for h; gives,
P <P(Y =1 e(X) =1, (X)) —h(X)| <0+

Note that since |n;/B;| = |n/ | /k]] > k,

o fes2/a) log(2/a)
G0Nk 2T Bl - 1)

Thus we have
P(IPY=1|c(X)=LnmX)—mX)|<e1|c(X)=D)>1—a.

This is satisfied for every . Using the law of total probability gives us the top-label marginal calibration guarantee for
(c,h):

PP = c(X) | e(X), h(X)) = h(X)| < &1)
=D P(e(X) = DP(IP(Y = e(X) | e(X), h(X)) = h(X)| S &1 | e(X) = 1)
(law of total probability)

= P(e(X) =DP(IP(Y =1|¢(X) =1, (X)) — (X)| < &1 | e(X) =1)

Il
_

(by construction, if ¢(z) = I, h(x) = hy(x))

Pe(X) =1)(1 - )

M=

Il
o
Q

Similarly, the in-expectation ECE bound of GR21, for p = 1, gives for every [,

E[|P(Y =1 | e(X) =1, (X)) — hy(X) | e(X) = 1|] < \/Bi/2m + 6
=/ Lnl/kj /27’Ll +4
< /1/2k + 4.
Thus,

E[[PY = ¢(X) | e(X), (X)) = h(X)]]

Pe(X) =DE[[PY =1 c(X) =1, (X)) = i(X)] | c(X) = 1]

I
M=

1

M=

P(e(X) = 1)(\/1/2k + )
V1/2k + 6.

Next, we show the top-label conditional calibration bound. Let B = Zle B; and oy = «aB;/B. Note that B <
ZzL: 1 ni/k = n/k. The binary conditional calibration bound of GR21 gives

P (Vr € Range(h)),|P(Y =1 |c(X) =l (X)=7)—71| <5+ m | e(X) = l)
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Zlfozl.

Note that

log(2B;/ay) log(2B/a)
(|_TL1/B[ —1 2 TL[/B[ —1)

log(2n/ka) i
W (since B < n/k)
log(2n/ka) i

S m (since k < |n;/B;]).

Thus for every [ € [L],
P(vr € Range(h;), |[P(Y =1|c(X)=LmX)=7r)—71|<e2)>1— .

By construction of h, conditioning on ¢(X) = [ and h;(X) = r is the same as conditioning on ¢(X) = [ and h(X) = r.
Taking a union bound over all L gives

P(Vl € [L],r € Range(h), |P(Y =1 | c¢(X) =L, h(X)=71) —7|) < &2)

L
>1- Z a=1-a.
=1
Finally, note that if for every [ € [L],r € Range(h),

|P(Y =1]e(X) =1h(X)=r)—r]) <&,

then also
TL-ECE(c,h) =E[|[P(Y = ¢(X) | h(X), (X)) — h(X)]] < ea.

This proves the high-probability bound for the TL-ECE. O

Remark 1. Gupta and Ramdas (2021) proved a more general result for general £,-ECE bounds. Similar results can also be
derived for the suitably defined ¢,-TL-ECE. In particular, it can be shown that with probability 1 — ¢, the TL-MCE of (c, h)
which can be seen as the /,-TL-ECE of (c, ) is bounded by €5. (TL-MCE is defined in Appendix D.2, equation (14).)

E.3. Proof of Theorem 2

We use the bound of Gupta and Ramdas (2021, Theorem 4) (henceforth called the GR21 bound), derived in the binary
calibration setting, to conclude marginal, conditional, and ECE guarantees for each h;. This leads to the class-wise results
as well.

Consider any [ € [L]. Let P, denote the distribution of (X, 1{Y =1{}). Clearly, D; is a set of n i.i.d. samples from P,
and h; is learning a binary calibrator with respect to P, using binary histogram binning. The number of data-points is n
and the number of bins is B; = |n/k;| bins. We now apply the GR21 bounds on h;. First, we verify that the condition
they require is satisfied:

n 2 kl Ln/li 2 2Bl.

Thus the GR21 marginal calibration bound gives that for every [ € [L], h; satisfies

P <P(Y =1 h(X)) = (X)) <6+ m> >1—a.

The class-wise marginal calibration bound of Theorem 2 follows since |n/B;| = |n/ |n/ki|] > ki, and so

log(2/cy)

(1)
=0\ /B - 1)
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Next, the GR21 conditional calibration bound gives for every [ € [L], h; satisfies

P (Vr € Range(),|P(Y =1 | (X)) =7)—7r| <5+ m) >1—o.

The class-wise marginal calibration bound of Theorem 2 follows since B; = |n/k;| < n/k;and |n/B;| = |n/ |n/ki]| >
k;, and so
log(2B;/cu)

(2)
2B~

Letk = max;e(r] k;. The in-expectation ECE bound of GR21, for p = 1, gives for every [,

E [binary-ECE-for-class-l (h;)] < +/B;/2n; + 0

=+/|n/ki] /2n+ 6
<V1/2k; 46
< \/1/2k + 6.
Thus,
L
E [CW-ECE(c, h)] =E | L™" ) " binary-ECE-for-class-l (h;)
=1
L
<L) (V1/2k+96)
=1
=/1/2k + 4,
as required for the in-expectation CW-ECE bound of Theorem 2. Finally, for the high probability CW-ECE bound, let

€ = maxer) 51(2) and a = Zle «y. By taking a union bound over the the conditional calibration bounds for each h;, we

have: with probability 1 — «, for every [ € [L],r € Range(h),
IP(Y =1 e(X) = Lh(X)=7)—r]) <& <.

Thus, with probability 1 — «,

L
CW-ECE(c,h) = L™' > "E[|P(Y =1 | hi(X)) = hi(X)[] <.
=1

This proves the high-probability bound for the CW-ECE. O



