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Abstract

Distribution alignment has become a broadly use-
ful subroutine, from generative models to domain
adaptation. However, strict distribution alignment
is rarely achieved nor desired. For example, re-
cent work has shown that a simple shift in label
distribution between domains would already intro-
duce undesirable distortions under strict distribu-
tion alignment of associated latent representations.
Instead, in this paper we focus on and develop
methods for aligning only the distribution support.
Our work builds on easily solvable relaxed opti-
mal transport problems between 1D pushforward
measures under discriminator mapping. We show,
for example, that the signal from the standard
log-loss discriminator used in adversarial distribu-
tion alignment can indicate support discrepancy
while other discriminator choices may fail. We
establish a connection between a family of re-
laxed 1D optimal transportation problems and a
spectrum of metrics corresponding to different
notions of alignment. In particular, we compute
the support divergence via solving a symmetrized
oo-to-1 optimal transportation assignment. We
provide theoretical and empirical results that il-
lustrate the properties and impact of the proposed
support alignment framework.

1. Introduction

Developing methods for distribution alignment has become
an active area of research. In generative modeling, for ex-
ample, distribution alignment is essentially the end goal.
Given a fixed real data distribution p,., we aim to learn a
distribution p, such that p, ~ p,.. Many popular methods
are based on Generative Adversarial Networks (Goodfellow
et al., 2014; Arjovsky et al., 2017; Gulrajani et al., 2017;
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Radford et al., 2015). The distributions in GANSs are spec-
ified implicitly, as push-forward measures from a simpler
latent space to observations, and learned by distributional
matching. Distribution alignment plays an equally prevalent
role in domain adaptation. The goal in this case is expressed
in terms of a feature extractor, and measured between the la-
tent feature representations corresponding to examples from
the source and target domains. Motivated by theoretical
results (Ben-David et al., 2007; 2010), a series of papers
(Ajakan et al., 2014; Ganin & Lempitsky, 2015; Ganin et al.,
2016; Tzeng et al., 2017; Shen et al., 2018; Pei et al., 2018;
Zhao et al., 2018; Li et al., 2018a; Wang et al., 2021; Kumar
et al., 2018) seek to align representations between domains
in a variety of contexts.

Perfect distribution alignment is not easy to accomplish in
high-dimensions, nor is it necessarily desirable. For gener-
ative models, for example, distribution alignment implies
memorizing proportional “biases” in the dataset. For exam-
ple, if the training images are composed of 80% dogs and
20% cats, then the resulting generative model reproduces
this frequency bias. In domain adaptation, recent works
(Zhao et al., 2019; Li et al., 2020; Tan et al., 2020; Wu et al.,
2019b; Tachet des Combes et al., 2020) have demonstrated
that a shift in label distributions between the source and
target examples leads to a characterizable performance hit
if the domains are forced into a distribution alignment. The
induced distortions from alignment would naturally affect
(unlabeled) subgroups similarly.

In response to the concerns with strict alignment, Wu et al.
(2019b) proposed to relax the distribution alignment con-
straint. They allowed the density ratio (in its defined region)
to be upper-bounded by some fixed constant rather than
enforcing distributions to agree exactly everywhere. They
provided both theoretical and empirical arguments in favor
of relaxing the alignment.

In this paper, we take relaxation a step further, and develop
methods to align only the distribution support. Support
alignment is an easier constraint to satisfy than distribution
alignment. Indeed, distribution alignment implies support
alignment but not vice versa. Support alignment may also
match the stated goal better. For generative models, intu-
itively, only the support needs to align with real examples
in order for the model to produce realistic samples. In terms
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of domain adaptation, Johansson et al. (2019) analyze vari-
ous failure cases of distribution alignment, and also suggest
aligning the support to avoid unwanted distortions. We po-
sition support alignment within a spectrum of alignment
objectives and relate them theoretically. A broader scope of
the related work is discussed in Appendix A.

2. SSD divergence and spectrum of alignment

Notation We consider a Euclidian space X = R"
equipped with Borel sigma algebra B and a metric d :
X x X — R. Let P be the set of probability measures

n (X, B). For a probability measure p € P the support
of p is denoted by supp(p) and is defined as the smallest
closed set X, C X such that p(X,) = 1. The distance
between a point x € X and a subset Y C X is defined as
d(z,Y) = infyey d(z,y).

2.1. SSD divergence

In order to achieve support alignment, we first need to evalu-
ate how well the supports are aligned. Similar to distribution
divergence like Kullback—Leibler divergence and Wasser-
stein distance, we provide an intuitive definition for support
divergence. A support divergence' between two distribu-
tions in P is a function Dg(-,) : P x P — R satisfying:
(1) Ds(p,q) > 0forall p,q € P; (2) Ds(p,q) = 0 if and
only if supp(p) = supp(q).

While a distribution divergence is sensitive to both den-
sity and support discrepancies, a support divergence only
needs to detect differences in supports, which are subsets
of the metric space X. An example of a distance between
subsets of a metric space is the well-known Hausdorff dis-
tance. Adapting the Hausdorff distance to distributions, we
introduce symmetric support difference divergence (SSD
divergence)*:

Da(p, q) = By [d(, supp(q))|+Eq [d(x,supp(p))] . (1)

Proposition 2.1. SSD divergence is a support divergence.

2.2. Spectrum of alignment

Wau et al. (2019b) proposed a modified Wasserstein distance
to achieve asymmetrically-relaxed distribution alignment,

namely [-admissible Wasserstein distance:
Dﬁ/ (p7 q) = inf ]E(:c,y)N'y [d(l‘v y)]a (2)
Y€T5(p,9)

where T'g(p,q) is the set of all measures v on X x X
such that [v(z,y)dy = p(z),Vz and [~(z,y)dz <

Note that, strictly speaking, support divergence is not a diver-
gence on the space of probability distributions, since Ds(p, q) = 0
does not imply p = q.

2We adopt the set-theoretic operation notation: “A” represents
the symmetric set difference.

(1 + B)q(y),Yy. They also showed that Dg[,(
if and only if sup . p(x)/q(z) <14 .

We can extend the S-admissible Wasserstein distance to
a symmetric version, which we term (1, S2-admissible
Wasserstein distance:

Dy (p, q) + Dy (g, ). 3)

The aforementioned pro Eerty of ﬁ admissible Wasserstein
distance implies that Dy 1Pz (p,q) = 0 if and only if (1 +

B2)~t < p(x)/q(z) < 1+ B,V € supp(p) U supp(q),
where we call p and g “(81, B2)-aligned”.

In the extreme case 51 = B2 = 0, D%’,O (p,q) = 2Dw (p, q),
where Dy (p, q) is the Wasserstein-1 distance with trans-
portation cost d(-, -). Now, we consider the limit in the op-
posite direction, i.e. Dy ™ (p, q) = limg_ oo Dg[}ﬁ (p,q).
Proposition 2.2. D> (p,q) = Da(p, q).

The following proposition establishes a relationship within
the spectrum of alignment objectives.

p,q) = 0

= Dy(p.q)

Proposition 2.3. For any p, q and for any finite 51, B2 > 0,

1. Dw(p,q) =0= Dg}’ﬂQ(p,q) =0.
2. D™ (p,q) = 0= Da(p,q) = 0.

3. The converse of statements 1 and 2 are false.

3. Quantifying alignment in 1D spaces

Recent works (Rabin et al., 2011) have proposed to evaluate
the distribution divergence by reducing the OT problem
in the original, potentially high-dimensional space, to that
between 1D distributions. Specifically, they use the sliced
Wasserstein distance — the average of Wassertein distances
between 1D pushforward distributions induced by linear
projections on all possible directions. Sliced Wasserstein
distance is proposed for distribution alignment and its use is
justified by the fact that for any p # ¢ there exists a linear
function f%(z) = (0, ), which identifies difference in the
distributions, i.e. f 0u p#£f euq (Cramér—Wold theorem).

Unfortunately, we find that support alignment of all linear
projections of given distributions does not guarantee align-
ment of supports in the original space. In other words the
family of linear mappings f?(z) = (6, ) can not always
identify the difference between supports of distributions
(see Appendix B.2 for details). In the next subsection we
show that the support misalignment can be identified by a
learned non-linear 1D function.

3.1. Alignment via log-loss discriminator

Goodfellow et al. (2014) show that the log-loss discrim-
inator f X — [0,1], trained to distinguish sam-
ples from distributions p and q (sup; E,, [log f(z)] +
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Ey,~q [log(1 — f(y))]) can be used to estimate the Jensen-
Shannon divergence between p and g. The closed form
maximizer f* is

p(x)

IOETE

Va € supp(p)Usupp(q). (4)

Using expression (4), we prove the following theorem char-
acterizing the ability of discriminator to identify all three
notions of misalignment discussed in Section 2.2.

Theorem 3.1. Let f* be the optimal discriminator (4) for
given distributions p and q. Then,

1. Dw(p,q) = 0 Dw (f*yp, f*49) =0,
2. D (p,q) = 0 & DR (F*4p, £40) = 0,

3. Da(p,q) =0 Da(f*yp, f*4q) = 0.

Remark 3.1.1. We note that in practice the discriminator
is typically parameterized as f(x) = o(g(z)), where g :
X — R is realized by a deep neural network and o (z) =
(1 4+ e=®)~! is the sigmoid function. The optimization
problem for g is

inf E, |log(1+ e_g(z))} +E, [log(l + eg(y))} , (5
)

and the optimal solution is g*(z) = logp(x) — log¢(x).
The result of Theorem 3.1 also holds for discriminator g*.

3.2. 1D optimal transport with assignment constraints

Inspired by the result of Theorem 3.1, we develop methods
to achieve different notions of alignment by minimizing
different objectives (Section 2.2) between the 1D pushfor-
ward distributions. Because in practice, alignment-based
methods typically operate with discrete samples, we con-
sider 1D empirical distributions p,(z) = £ Y1 | 8, (),
Gn(z) = 2371 6,,(2) on areal line z;,y; € R. We use
1, n to denote the set {1,...,n} C N.

In section 2.2 we discussed the family of relaxed OT dis-
tances. Now, we adapt® this family of OT problems for
empirical distributions p,, and g,,:

,DIC/V(I/)\na a\n) = ﬂ'GHn%;iﬁn G

1 n
7 2 d@iyem). ©
=1

where ¢ € N, I1.(Dy,, @»,) is the set of mappings 7 : 1,n —
1,n such that #{i | (i) = j} < ¢, Vj € 1,n.

t1)

The optimization goal in (6) is to find a “hard-assignment
7w which describes the transportation of points x; in p,

3Please see Appendix D for discussion of the connection be-
tween the “soft-assignment” OT problems discussed in 2.2 and the
“hard-assignment” problem (6).

to points y; in g,. The parameter ¢ controls the set of
admissible assignments II.. The constraints imposed on the
assignments 7 are similar to the constraints on 3-admissible
coupling v € I's in (2): under a c-admissible assignment
m, the total number of points z; transported to each of the
points y; can not exceed c.

Below we consider three variants of the problem (6) related
to the three notions of alignment discussed in Section 2.2.

Distribution alignment via 1-to-1 assignment Observe
that Dy (Dn, @n) = 0 if and only if there exists an invertible
(1-to-1) mapping 7*: 2; = yn(;) Which ensures p,, = G,.

Relaxed distribution alignment via c-to-1 assignment
When ¢ > 1, the assignment 7 in (6) can assign at most
c points x; to a single point y;. We refer to such assign-
ment as c-to-1. In order to draw the connection between the
c-to-1 assignment and relaxed distribution alignment, we
consider a symmetrized version of (6): Dy (P, @) =
ﬁﬁ{, (Pn, @) + ﬁf}, (Gn, Pr.) defined by analogy with a sym-
metrized OT objective Dﬁ}”g % in (3). Comparing (2) and (6),
itis easy to see that 73%1,’62 (Pn; @n) = 0if and only if p,, and
qn are (31, B2)-aligned with 8; = ¢; — 1 and B = ¢o — 1.

Support alignment via co-to-1 assignment When ¢ =
o0, there are no constraints on assignment 7 in (6). Each
point x; can be assigned to any of the points y;, or in terms
of distributions, probability mass in p,, can be transported to
any location in the support of g,,. D} Py, ¢n) = 0 if and
only if supp(p,) = supp(q,). Without assignment con-
straints in (6), the optimal transportation of p,, to supp(qy,)
is realized by simply moving each x; to its closest neighbor

nyy,...yn.

4. Adversarial support alignment

In Section 3, we have seen that in the case of 1D empirical
distributions the optimal transport problems discussed in
Section 2.2 are reduced to easily solvable point-to-point
assignment problems. Combining this observation with
the result of Theorem 3.1, we propose a practical method
for support alignment which we call Adversarial Support
Alignment (ASA).

We work with distributions pg and gy parameterized by a
vector of parameters 6. Our goal is to align the supports of
pg and gy, i.e. to find 8* such that supp(pg~) = supp(geg~ ).
Motivated by Theorem 3.1 (and Remark 3.1.1) we train
a log-loss discriminator g4, which is parameterized by ¢.
Given two mini-batches of samples (x1, ..., 2,) ~ py and
(Y1,---,Yn) ~ qo the discriminator gradient update is sim-
ply the gradient descent update on the log-loss (5).

While in adversarial distribution alignment methods (Good-
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Figure 1. Comparison of alignment methods for domain adaption on MNIST-to-USPS task with class imbalance. The 4 panels shows the
average class accuracy in the target domain for different severity level of class imbalance between source and target. For each method we
show the mean accuracy and £1 standard deviation errorbars over 5 runs.

fellow et al., 2014; Ganin et al., 2016) 6 competes with ¢ in
a zero-sum game and simply maximizes the discriminator’s
objective, in ASA, Q minimizes the symmetrized optimal
transportation cost D™ in the discriminator output space
as described in Section 3.2. Recall that 233;00 is defined via
two optimal oo-to-1 assignments 7,_,, and 7,_,, matching
point sets {g¢(z;)}"_q to {gs(y:)}i=, in both directions.
The mini-batch gradient w.r.t. 6 is given by

Vo <’:L Z {d (g¢(xi)7g¢(yﬂ'pﬂq(i)))

i=1

+d (96Yi), 96 (Tn,_, ) D )

Effect of mini-batch training When training models on
large datasets one has to rely on stochastic optimization with
mini-batches. By using the gradient (7) the described al-
gorithm minimizes the mini-batch transportaion cost rather
than the population transportation cost. We observe that
in practice this procedure enforces support alignment for
all possible pairs of mini-batches which brings the distribu-
tions to the state closer to distribution alignment rather than
support alignment (see Section E.1).

To address the mini-batch training issue, without having
to solve the 1D assignment with full datasets, we intro-
duce “history buffers” which store 1D discrimiantor out-
put values from the several last mini-batches. For a new
pair of mini-batches {x;}_; and {y;}!_,, instead of the
mini-batch assignments as in (7), we find “mini-batch + his-
tory” assignments 77 and 7 between the combined
“mini-batch + history” point sets. We provide a detailed
description of this procedure in Appendix E.

5. Experiments

We present experimental evaluation of the proposed ASA
method in domain adaptation setting.

We compare the following domain adaptation methods:

(a) Source only training, (b) DANN (Ganin et al., 2016), (c)
SDANN-3 (Wu et al., 2019b), (d) DANN-OT (distribution
alignment using 1D OT transport distance on the discrim-
inator output) (e) ASA (our proposed method for support
alignment). For DANN, sDANN and ASA, the classifica-
tion model is composed of two parts, a feature extractor
and a linear classifier which operates on the latent represen-
tation of the feature extractor. As discussed in Section 4
the considered methods aim to achieve distribution/support
alignment between latent representation in source and target
using the signal from a discriminator.

We consider the MNIST (LeCun et al., 1998) to USPS (Hull,
1994) adaptation task. We introduce class imbalance via re-
weighted sampling of training examples with the manually
specified class distributions for source and target. We define
the class priors pg(y) and pr(y) for source and target as
power law distributions pg(y) o y~<, pr(y) o (C —y +
1)~ where y € {1,...,C}, C is the number of classes,
and o > 0 is the parameter controlling the imbalance. For
o = 0 both pg and pr give the uniform class prior, for o >
0 the class proportions on source and target are imbalanced
and the majority class in source corresponds to the minority
class in target. In this class-imbalanced setting, we choose
the target class average accuracy as the quality criterion
for model evaluation. We use a 4-layer CNN as a feature
extractor. For ASA we use history buffers of size 1000.

The results of all methods in the class-imbalanced setting are
shown on Figure 1 and in Table F.1. Without any alignment,
Source only training struggles to adapt to the target do-
main in this setting. Distribution alignment based methods
(DANN, DANN-OT) perform well in the balanced setting,
but suffer greatly otherwise. On the other hand, relaxed
distribution alignment (SDANN-/5) shows some resilience
to this effect, but they have greater noise across their runs.
Finally, support alignment (ASA) is the most robust method
out of all, while still being competitive under desired set-
tings for other methods (balanced for distribution alignment,
and slight imbalance for relaxed distribution alignment).
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A. Related work

This paper has connections with existing work in three directions: support estimation, distribution alignment, and relaxed
distribution alignment.

Support estimation. There exists a series of work (e.g. (Scholkopf et al., 2001; Hoffmann, 2007; Tax & Duin, 2004; Knorr
et al., 2000; Chalapathy et al., 2017; Ruff et al., 2018; Perera et al., 2019; Deecke et al., 2018; Zenati et al., 2018)) on
novelty/anomaly detection problem, which can be casted as support estimation. We consider a fundamentally different
problem setting. Our goal is to align the supports and our approach does not directly estimate the supports, instead, we
implicitly learn the relationships between supports (density ratio to be specific) through a discriminator.

Distribution alignment. Apart from the works (e.g. (Ajakan et al., 2014; Ganin et al., 2016; Ganin & Lempitsky, 2015; Pei
et al., 2018; Zhao et al., 2018; Long et al., 2018; Tachet des Combes et al., 2020; Li et al., 2018b; Tzeng et al., 2017; Shen
et al., 2018; Kumar et al., 2018; Li et al., 2018a; Wang et al., 2021; Goodfellow et al., 2014; Arjovsky et al., 2017; Gulrajani
et al., 2017; Mao et al., 2017; Radford et al., 2015; Salimans et al., 2018; Genevay et al., 2018; Wu et al., 2019a; Deshpande
et al., 2018; 2019)) that do distribution alignment, there are also papers (Long et al., 2015; 2017; Peng et al., 2019; Sun
et al., 2016; Sun & Saenko, 2016) focusing on aligning some characteristics of the distribution, like first or second moment.
Our work is concerned with a different problem, support alignment, which is a novel objective in this line of work. In terms
of methodology, our use of the discriminator output space to work with easier optimizations in 1D is inspired by a line of
work (Salimans et al., 2018; Genevay et al., 2018; Wu et al., 2019a; Deshpande et al., 2018; 2019) on sliced Wasserstein
distance based models. Our discussion on such space also endorses the practical effectiveness of doing 1D OT for GAN in
this space (Deshpande et al., 2019).

Relaxed distribution alignment. In the previous sections, we have already covered in detail about the connections between
our work and that of Wu et al. (2019b). Balaji et al. (2020) also discuss a version of relaxed distribution alignment, but
their focus is to align distributions but robust to outliers. There can be an interesting combination of this and our work,
because our current algorithm considers all samples, which makes it not robust to outliers. We leave the possibility of a
robust support alignment to future work.

B. Complimentary theoretical results

B.1. SSD divergence
Note that each term in (1) describes an asymmetric support difference:
SD(p. ) = Eury (. 5u50(@))] = | d(r, supp(a))p(d). ®
supp(p)\supp(q)

Thus, we can write
Da(p,q) = SD(p, q) + SD(q, p).
B.2. Linear projections for support alignment

Recall that sliced Wasserstein distance (Rabin et al., 2011) is:
Dw(p,q) = /S  Dw (i, fy0) dO,

where f? is a 1D linear projection f?(z) = (#, ), and S"~! = {# € R™ | ||#|| = 1} is a unit sphere in R™.
As we mentioned in Section 3, the family of linear mappings f(z) = (0, 2) can not always identify the difference between
supports of distributions. The following proposition formalizes this claim.

Proposition B.1. There exist two distributions p and q in P, such that supp(p) # supp(q) but supp(f eﬁp) = supp( f‘gﬁq),
Vo (x) = (0,x) with§ € S*~L.

B.3. Alignment via log-loss discriminator

First, note that for f* as defined in (4), f* is correctly defined in supp(p) A supp(q), e.g. for z : p(x) > 0,¢(x) = 0 we
have p(x) + ¢(x) > 0 and f*(x) = 1. For a point = ¢ supp(p) U supp(q) the value of f*(x) can be set to an arbitrary
value in [0, 1], since the log-loss does not depend on f () for such z.
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Using (4), we can establish a connection between the pushforward distributions f*yp and f*4q.

Proposition B.2. Let f* be the optimal discriminator (4) for given distributions p and q, and let ¢, and ¢4 be the PDFs of
the pushforward measures f*,p and f*4q respectively*. Then,

=a, Va € supp(¢,) Usupp(dy)- 9)

Intuitively this proposition states the following. Consider a point x which is mapped to a value f*(z) = a. The value a
characterizes the ratio of densities p(x)/q(z) at z. For any other point y mapped to the same value f*(y) = a, the ratio of
densities p(y)/q(y) is the same as p(x)/q(x). Moreover, the ratio of 1D pushforward densities ¢, (a)/¢4(a) at a must be
the same as the ratio of densities p(z)/q(z) at x.

‘We also make a remark about Theorem 3.1.

Remark B.0.1. The result of Theorem 3.1 does not necessarily hold for other types of discriminator. For instance, the dual
Wasserstein discriminator (Arjovsky et al., 2017; Gulrajani et al., 2017) does not always highlight the support difference
in the original space as a support difference in the discriminator output space. This observation is formaly stated in the
following proposition.

Proposition B.3. Let f{;; be the optimal solution of sup y.1,i,( ry<1 Exnplf (2)] — Ey~q[f(y)], where Lip(f) is the Lipschitz
constant of f. There exist distributions p and q such that supp(p) # supp(q) but supp( fﬁ,ﬁp) = supp( f{jvﬁq).

C. Proofs of the theoretical results
C.1. Proof of Proposition 2.1

1. Da(p,q) > 0forall p,q € P:
Since d(-,-) > 0, for all p, q,

SD<p,q>:Exwp[d@,supp(q))]:Em[ inf d(%y)} >0,

y~supp(q)

which makes
Da(p,q) = SD(p,q) + SD(q,p) > 0.

2. Da(p,q) = 0if and only if supp(p) = supp(q):
With statement 1, D (p, ¢) = 0 if and only if SD(p,q) = 0 and SD(q,p) = 0.

Then,
SD(p,q) =0
(8
Ey~pld(z,supp(q))] =0
U

p ({z|d(x,supp(q)) > 0}) = 0.

This is equivalent to
Vz € supp(p), d(z,supp(q)) = 0.

Thus, supp(p) C supp(q), and similarly, supp(q) C supp(p),
which makes
supp(p) = supp(q).

“In order to simplify the argument, we assume that all distributions p, ¢, f *up, f *uq have PDFs.
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C.2. Proof of Proposition 2.2
From (2), we have

o0 = i B = i inf
Dy (p,q) ﬁgr;oDW(p, q) ﬂgrolwerlg(m)E(z,y)w[d(%y)L

where limg_, o I'3(p, q) is the set of all measures v on X x X such that [ v(z,y)dy = p(z),Vz and [ ~y(z,y)dz <
limg o0 (1 4 B)a(y), Vy.
The set of inequalities
/v(%y)dm < Jim (1+8)q(y), Wy
can be simplified to

/’7(1’7 y)dx = 0, Vy such that ¢(y) = 0.

To put it together, we have

Dw(p,q) = inf Eq ) [d(z,y)],
W(p q) el (ma) (z,y) v[( y)]

where I'(p,q) is the set of all measures v on X x X such that [~(z,y)dy = p(z),Va and [~(z,y)dz =
0, Vy such that g(y) = 0.

Note that
E(ay)~rld(z, y)] = /7($,y)d(x,y)dxdy.

Then, we can minimize E, ,)~~[d(z,y)] pointwise w.r.t. 2 under v € I (p, q).

With any fixed z, we want to minimize

/ qz(y)d(z,y)dy

where [ ¢,(y)dy = p(z) and ¢, (y) = 0 when ¢(y) = 0, which implies ¢, (y) = 0if y & supp(q).
Then clearly ¢} (y) which is equal to p(x) for some y such that d(x, y) = inf,cqupp(q) d(2,y) and 0 otherwise is a minimizer.
Then, we arrive at

inf B y)nn (7, 9)] = Eey)mne [d(z,9)],
Y€ (p,q)

where v*(z,y) = p(x), for all € supp(p) and some y such that (z,y) = innySupp(q) d(z, ). Otherwise, v*(,y) = 0.
Thus,
E(z,y)mr[d(,9)] = Eznp { inf d(x,y)} )

y~supp(q)
The last equation implies Dyy (p, ¢) = SD(p, q).
Then obviously, Dy ™ (p, ¢) == limg, g, 00 Da}’ﬁ"’ (p,q9) = Da(p, q).

C.3. Proof of Proposition 2.3
1. Dw(p,q) = 0 implies p = ¢, which is equivalent to

p(x)
22—, Vz € supp(p) U supp(q).
q(x) ) .
Then clearly, for all finite 31, 82 > 0 it satisfies
1 p(z) <1+p Va € supp(p) U supp(q) (10)
1+ 82 ~ q(z) ~ ’

Thus, Dyt (p, q) = 0 for all finite 1, B2 > 0.
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2. Dﬁ}’ﬁ2 (p, q) = 0 for some finite 81, B2 > 0 is equivalent to for some finite 51, B2 > 0, (10) is satisfied.

This implies that Va € supp(p), € supp(q) and Vz € supp(q), © € supp(p), which makes supp(p) = supp(q).
Thus, Da(p,q) = 0.

3. The converse of statements 1 and 2 are false:

(a) For all finite 81,82 > 0, let supp(p) = supp(q) = {z1,22}, 21 # x2. Let p(z1) = p(z2) = 1/2 and
q(z1) = (1 + f')/2 and q(x2) = (1 — (') /2 where

6/:min <B2,1H—1/Bl) .

Then, it can be easily checked that (10) is satisfied, which makes De‘}’ﬁ %(p,q) = 0. However, since 8’ # 0, p # ¢
and thus Dy (p, q) # 0.

(b) Similar to (a), let supp(p) = supp(q) = {x1, a2}, 71 # 2. Let pe(21) = q.(w2) = € and p. (w5) = gz (21) =
1 — ¢ for some € > 0. Since supp(p-) = supp(¢: ), DA (pe, ge) = 0. However, for any finite 5 > 0,

ps(xl) . 9 1
= lim =0< —.
€l0 qg(xl) elo 1l —¢ 1-}-6

Thus, for any finite 31, 82, exists € > 0 such that Da}’ﬁQ (pe,qe) # 0.

C.4. Proof of Proposition B.1
Consider a 2-dimensional Euclidian space R? and let supp(p) = {(z,y) | 2% + 3?> < 2} and supp(q) = {(z,y) | 1 <
22 4+ 9% < 2}. Then, Vf?(z) = (0, x) with § € S*,

supp(f?4p) = supp(f’4q) = [-2,2].

C.5. Proof of Proposition B.2
For any point a € supp(¢,) U supp(¢,), the values of the PDFs ¢,, and ¢, can be expressed as

By(fela—e< f@ <ate)) 1 Julmecr @care PO A

=1l

¢p(a) = lim

)

el0 2e €l0 2e
soa) = tim Prlzlaze< /'@ <ate)) o Someer <o 400
el0 2e €l0 2e

Note that forall x : a — e < f*(z) < a + £ we have

a—e<

)
p(z) +q(z)

which implies
(@ —e)(p(z) + q(2)) < p(z) < (a+¢e)(p(z) +q(2)).

Since these inequalities hold for all z : ¢ — ¢ < f*(x) < a + ¢, the similar relationship holds for the integrals:

a— x x)) dx
(a-) /{ N CORT )

< / p(z) dx <
{zla—e<f*(z)<a+te}

(a - 8) /{:ca—s<f* (z)<a+e} (p(x) " q(x)) -
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The ratio ¢, (a)/(¢p(a) + ¢4(a)) can be expressed as

Pp(a) T f{xla—e<f*(gc)<a+s} p(z)dx

60(@) + 64(0) 210 [ ooy carey (@) + (2)) dz’

Using the inequality above we observe that

f{Ila—8<f*(LE)<a+g} p(l’) dzx
f{m\afa<f*(m)<a+s}(17($) +q(z)) dx
for all € > 0, and by taking the limit € | 0 we obtain

a—e< <a-+e,

(bp(a) —a
dp(a) + ¢q(a)
C.6. Proof of Theorem 3.1
Note that by (4) and (9), we have
* o p(.’L‘) o ¢p(a)
f (LL') - p(lﬂ) 4 q(x) =a= ¢p(a) + qu(a)’ Vl’ S Supp(p) U Supp(q)

l. = if Dy (p, q) = O then p = g, then f*yp = f*,q. Thus, Dw (f*yp, f*4q) = 0.
< if Dw (f*yp, f*yq) = 0, then f*,p = f*,q, which implies ¢, (a) = ¢4(a), Ya. Then, we have
p(z) =q(z),  Vz € supp(p) Usupp(q).
Thus, p = ¢ and Dy (p, q) = 0.
2. = if Dﬁ}”gz (p,q) = 0, (10) holds, then

1 14+ 5
< f* < A @] .
275 = (z) < 51 B, x € supp(p) U supp(q)
This implies that
1 a 145
¢n(@) < : Va € supp(¢p) U supp(eg)-

51 By = dpla) - ogla) 24 B

1 < Pp(a)
L+ B2 = ¢4(a)
This leads to Dj" (f*¢p, f*4q) = 0.

<—: similarly, when De‘}’ﬁg (f*4p, f*4q) = 0,

Thus, we have

<1+ pn, Va € supp(¢p) U supp(og).

1
T 5 < Z’;EZ; <14 p1,  Vaesupp(¢,) Usupp(og)
%
2+152 < f(x) < ;igi V € supp(p) U supp(q)

Thus, (10) holds and Dir* (p, ¢) = 0.
3. Note that f*(z) = 1 if and only if p(x) > 0, g(x) = 0, and f*(z) = 0 if and only if ¢(z) > 0, p(z) = 0.
We also have ¢,,(0) > 0iff 0 € supp(¢,) and ¢,(1) > 0iff 1 € supp(¢,).
Thus, f*(x) = 1 for some z if and only if supp(p) \ supp(q) # @ and = € supp(p) \ supp(g), in which case
¢p(1) > 0, which makes supp(¢,) \ supp(¢q) # 2.
Similarly, f*(x) = 0 for some z if and only if supp(q) \ supp(p) # @ and = € supp(q) \ supp(p), in which case
¢4(0) > 0, which makes supp(¢,) \ supp(¢,) # .
Then, we have supp(p) # supp(q) if and only if supp(¢,) # supp(¢q).
This is equivalent to Da (p, q) = 0 if and only if DA (f*4p, f*4q) = 0.
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C.7. Proof of Proposition B.3

Consider a 1-dimensional Euclidian space R. Let supp(p) = {0, 1} with p(0) = 3/4 and p(1) = 1/4. Let supp(q) =
{~1,0,1} with g(—1) = 1/4, ¢(0) = 1/4 and ¢(1) = 1/2.

Clearly, supp(p) # supp(q).

Let f};, be the optimal solution of
sup Esz [f(xﬂ - ]Equ[f(y”
f:Lip(f)<1

Then, the value of f}, only matters at {—1,0,1}. So we have f}, be the optimal solution of

sup —fiy (1) +2f(0) — fiy (1)
fiLip(f)<1 4

By symmetry, f7;,(—1) = fyy (1), making supp(fyy,p) = supp(fiy 4a)-

D. Discussion of ‘“‘soft”” and ‘“‘hard” assignments for OT with 1D discrete distributions

Direct application of the OT problem (2) to 1D discrete distributions p,(z) = L 37" | 8, (2), Gu(z) = L X0 6y, (2)
gives

Z/jic/v(i)\nva\n) = min ZZ’W] xwyj (11)

’YEF (pn;Qn i=1 j=1

where ¢ > 0 and T, (Pn, @n) is the set of probability measures ¥ on 1,n X 1,n such that 2?21 ¥ij = ,Vi eI, nand
Z?:l a’ij S %’ v.] € lan'

The optimization goal in (11) is to find a “soft-assignment” 7 which describes the transportation of probability mass from
points z; in p;, to points y; in g,,. The parameter c controls the set of admissible assignments I'.. The constraints imposed
on the assignments 7 are similar to the constraints on S-admissible coupling v € I'g in (2): under a c-admissible assignment
7, the total mass of points in p,, transported to each of the points y; can not exceed £ Note that if one additionally requires
that the transportation plan 7 implements a “hard-assignment” (7;; € {0, =1 Wthh assigns each point z; to exactly one
point y;, then ¢ gives the upper-bound on the number of points x; which can be transported to any given point y;. In fact, it
can be shown (see discussion below) that for integer values of ¢ = 1,2, ... the set of minimizers of (11) must contain a
“hard-assignment” transportation plan. Motivated by this observation, we can reduce the original “soft-assignment” problem
(11) to the “hard-assignment” problem (6).

We claim that in “soft-assignment” OT problem (11) with integer c the set of minimizers of (11) must contain a “hard-
assignment” transportation plan 7 : 7;; € {0, %} Below we justify this claim.

Note that for ¢ = 1 the OT problem (11) is the standard OT problem for Wasserstein distance, since the inequality constraints
Yo i < %, Vj € 1,n can only be satisfied as equalities. For this problem, it is known (e.g. see (Peyré et al., 2019)
Proposition 2.1) that the set of optimal couplings contains a “hard-assignment” represented by a normalized permutation
matrix. This fact can be proven using the Birkhoff-von Neumann theorem. The Birkhoff-von Neumann theorem states that
the set of doubly stochastic matrices

n n
P e RM" . P;>0Vijeln, Y Pj=1Vieln Y P;j=1Vjeln,
j i=1

is exactly the set of all finite convex combinations of permutation matrices. In the context of the linear program (11) with
¢ = 1, the Birkhoff-von Neumann means that all extremal points of the polyhedron r <(Pn, Gn ) are hard-assignment matrices.
Therefore, by the fundamental theorem of linear programming (Bertsimas & Tsitsiklis, 1997), the minimum of the objective
is reached at a “hard-assignment” matrix 7.

We argue that a similar result holds for the case of integer ¢ > 1. In this case, the matrices in fc(;ﬁn, @) can not be associated
with the doubly stochastic matrices, since constraints on of the marginals of 7 are relaxed to inequality constraints. Because
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of that, the Birkhoff-von Neumann theorem can not be applied. However, Budish et al. (2009) provide a generalization
of the Birkhoff-von Neumann theorem (Theorem 1 in (Budish et al., 2009)) which applies to the cases where the equality
constraints are replaced with integer-valued inequality constraints (recall that we consider integer c). Using this generalized
result, our claim can be proven in the following sequence of steps.

Clearly, the polyhedron fc(ﬁn, d») contains all “hard-assignment” matrices and all their finite convex combinations. The
result proven in (Budish et al., 2009) implies that each element of fc(ﬁn, dn) can be represented as a finite convex
combination of “hard-assignment” matrices. Thus, the polyhedron fc(ﬁn, dn) is exactly the set of all finite convex
combinations of “hard-assignment” matrices and all extremal points of the polyhedron are “hard-assignment” matrices.
Finally, by analogy with the case of ¢ = 1, we invoke the fundamental theorem of the linear programming and conclude that
the minimum of the objective (11) is reached at 4 corresponding to “hard-assignment” matrix.

E. Details of the ASA algorithm

This section provides details of the “mini-batch + history” update of the ASA algorithm mentioned in Section 4. We create
two history buffers: h? = {h?} Y, storing the discriminator outputs ¥ for for the last N samples from py, and the similar
buffer h? = {h?}}, for go. For a new pair of mini-batches {x;}" ; ~ pp and {y;}7"_; ~ gy, instead of the mini-batch
assignments used in (7), we find “mini-batch + history” assignments wz}fﬁ q and W[ILP between the combined “mini-batch
+ history” point sets v = (g(21),...94(xn), A, ..., h) and v? = (g4(v1), ... g¢(yn), h{, ..., h%). The complete
specification of the ASA training procedure is provided in Algorithm E.1.

E.1. History size experiment

In Section 4 we mentioned the effects of mini-batch training for our proposed method. To quantify this effect, we explore
ASA with different size of history buffers under the same setting described in Section 5 with the label distribution shift
corresponding to o = 1.5. When history size is 0, it means that we are training with current mini-batch only (eq. (7)).

In Table E.1 we report the results of the evaluation of ASA with different history sizes. As in MNIST-to-USPS experiment
above, we compute the class average accuracy on target data. In order to quantify the alignment achieved by the methods,
we also report support and distribution distances between the pushforward distributions induced by the discriminator on
source and target data. We evaluate both support and distribution distance on the entire training populations rather than
batches. The support distance is the mean squared transportation distance under the optimal co-to-1 assignment described
in Section 3.2. The distribution distance is computed as the mean square transportation distance under the optimal 1-to-1
assignment described in Section 3.2. For both support and distribution distances, lower values correspond to better alignment
of supports/distributions.

From Table E.1, comparing with the source only baseline, alignment methods are enforcing their desired alignments and
these constraints are not satisfied with source only training. Comparing with DANN, we can see that with smaller size of
history, ASA performs more like distribution alignment, while all history sizes are enough for support alignment. Also,
note the correlation between distribution distance and target accuracy: with a shift in label distribution, when distribution
alignment is achieved, the target accuracy suffers.

Table E.1. Analysis of effect history size parameter for ASA on MNIST-to-USPS data with different the class label distribution shift
corresponding to o = 1.5. We report the mean and 1 standard deviation values across 3 runs.

Method History size  Target acc (%) Support distance Distribution distance
Source only — 14244+ 3.34  95.22 £45.63 310.55 £ 131.22
DANN — 48.39 £0.25  0.000003 £ 0.000001  0.00074 £ 0.00008
ASA-batch 0 50.39 £1.41  0.000025 £ 0.000026  0.016 £ 0.002

ASA 100 68.99 £11.97 0.000019 £ 0.000013  0.472 £ 0.239

ASA 1000 7716 £6.01  0.000175 £ 0.000068 3.518 £ 0.682

ASA 3000 72.72+6.89  0.0010 £ 0.0011 6.111 £0.195
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Algorithm E.1 Adversarial support alignment (ASA)

Input:
* Do, qp: distributions with parameters 6, * fy: initial parameters of p, g¢;
* g4: discriminator network with parameters ¢; * ¢g: initial parameters of g;
e n: mini-batch size; e N: maximum history buffer size;
e T number of training steps for 6; * K: number of g4 updates per one update of pg, qs;

d: distance on the 1D discriminator output space.

1 def UPDATEHISTORY (R, {a;}7 )
2 Append values {a;}?_; to the end of history buffer h.
3 if size(h) > N: remove the oldest N — size(h) elements from h.
4 0« 90, ¢ — gﬁo.
5 hP <[], h?«[].
6 fort=1,...,T
7 fork=1,... K
8 Sample mini-batches {z;}?; ~ pg, {yi}"_1 ~ qo.
9 UPDATEHISTORY (h?, {g¢(z;)}7—;), UPDATEHISTORY (h?, {gs(y;i)}iy).
10 Perform optimization step on ¢ using stochastic gradient
1 n
Vo (n S [1og(1 + exp(—gy(w:))) + log(1 + exp(gqb(ym)]).
i=1
11 Sample mini-batches {x;}?* ; ~ pg, {yi}1-1 ~ qo.
12 vP < concat([ge(z:)]7_y, hP), v < concat([gs(ys)]|iq, h?).
13 Compute optimal co-to-1 assignment between {gy(z;)}7; and v9:
W;_H](i) = argmind (g¢(z:),v]).
J
14 Compute optimal co-to-1 assignment between {g,(y;) 7, and v*:
Tosp(i) = argmind (g (y:), v5).
J
15 Perform optimization step on 6 using stochastic gradient

1 n
v, ( S [ (e, )+ (0uto02, o) ]).
/* The gradient of this expression w.r.t. 8 is propagated

/* through the current mini-batch examples {x; }_, {y: }71.

/* The values stored in the history buffers h?, h? do not depend on 6.

16 UPDATEHISTORY (h?, {gy(z;)}71), UPDATEHISTORY (h?, {g4(y:)}Fq)-
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F. MNIST-to-USPS results

Table F.1. Class average accuracy (%) on target domain of the different adaptation methods on MNIST-to-USPS data with different levels
of class label distribution shift. We report the mean and 1 standard deviation values across 5 runs.

Method a=0 a=1.0 a=1.5 a=2.0
Source only 27.714+11.11 22.52+£5.69 15.85+ 3.26 15.46 +5.80
DANN 91.61 +£0.90 71.13 +1.55 47.75+0.88 31.32 £ 1.96
DANN-OT  97.82 +0.16 94.85+1.60 56.57+3.25 29.96 + 2.80
sDANN-2 95.77 £ 3.79 95.67 £3.74 64.33 = 8.06 26.35 £ 7.82
sDANN-4 91.81 +4.53 91.46 £4.51 77.35+£12.94 41.96£8.16
sDANN-16 83.21 +5.84 80.74 £3.39 73.66 +13.13 39.88 4 23.75
ASA (ours) 93.57+£1.10 88.49 +£5.79 80.44 £6.20 48.11 £+ 8.63




