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Abstract

Recent work introduced deep kernel processes
as an entirely kernel-based alternative to NNs
(Aitchison et al. 2020). Deep kernel processes
flexibly learn good top-layer representations by
alternately sampling the kernel from a distribu-
tion over positive semi-definite matrices and per-
forming nonlinear transformations. A particular
deep kernel process, the deep Wishart process
(DWP), is of particular interest because its prior is
equivalent to deep Gaussian process (DGP) priors.
However, inference in DWPs has not yet been
possible due to the lack of sufficiently flexible
distributions over positive semi-definite matrices.
Here, we give a novel approach to obtaining flex-
ible distributions over positive semi-definite ma-
trices by generalising the Bartlett decomposition
of the Wishart probability density. We use this
new distribution to develop an approximate poste-
rior for the DWP that includes dependency across
layers. We develop a doubly-stochastic inducing-
point inference scheme for the DWP and show
experimentally that inference in the DWP gives
improved performance over doing inference in a
DGP with the equivalent prior.

1. Introduction

The successes of modern deep learning have highlighted
that good performance on tasks such as image classification
(Krizhevsky et al., |2012) requires deep models with lower
layers that have the flexibility to learn good representations.
Up until very recently, this was only possible in feature-
based methods such as neural networks (NNs). Kernel meth-
ods did not have this flexibility because the kernel could be
modified only using a few kernel hyperparameters. However,
with the advent of deep kernel processes (DKPs; |Aitchison
et al.} [2020), we now have deep kernel methods that offer
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neural-network like flexibility in the kernel / top-layer rep-
resentation. DKPs introduce this flexibility by taking the
kernel from the previous layer, then sampling from a Wishart
or inverse Wishart centered on that kernel, followed by a
nonlinear transformation. The sampling and nonlinear trans-
formation steps are repeated multiple times to form a deep
architecture. Remarkably, deep Gaussian processes (DGPs;
Damianou & Lawrence, 2013} [Salimbeni & Deisenrothl
2017), standard Bayesian NN, infinite-width Bayesian NNs
(neural network Gaussian processes or NNGPs;|Lee et al.,
2017; Matthews et al.| 2018} Novak et al., 2018} |Garriga{
‘Alonso et al.,|2018)) and infinite NNs with finite width bottle-
necks (Aitchison, [2019) can be written as DKPs (Aitchison
et al., [2020). In e.g. DGPs the random variables used in
variational inference are ultimately features, even though
a kernel is computed as a function of the features. By con-
trast, in a DKP, there are no features ar all: the only random
variables are the positive semi-definite kernel matrices them-
selves, which are sampled directly from distributions over
positive semi-definite matrices such as the (inverse) Wishart.

Aitchison et al. (2020) argued that DKPs should have
considerable advantages over related feature-based models,
because feature-based models have pervasive symmetries in
the true posterior, which are difficult to capture in standard
variational approximate posteriors. For instance, in a neural
network, it is possible to permute rows and columns of
weight matrices, such that the activations at a given layer are
permuted, but the network’s overall input-output function
remains the same (MacKay, 1992} [Sussmann, 1992} |Bishop
et al., |1995). These permutations result in networks with
the same output probability density under the true posterior,
but with different probability densities under standard
variational approximate posteriors, which are generally
unimodal. However, these issues do not arise with DKPs,
because all permutations of the hidden units correspond to
the same kernel (see App. D in|Aitchison et al.[(2020)).

Deep Wishart processes (DWPs) are the most important
DKP because their prior is equivalent to the DGP prior.
While |Aitchison et al| (2020) showed this equivalence,
they were not able to do inference in DWPs because they
were not able to find a sufficiently flexible distribution
over positive semi-definite matrices to form the basis of an
approximate posterior. Instead, they were forced to work
with a different DKP: the deep inverse Wishart processes
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(DIWPs), which was easier because the inverse Wishart
itself forms a suitable approximate posterior. We show
how to create a sufficiently flexible approximate posterior
for DWPs, thereby enabling us to compare directly to the
equivalent DGPs. In particular, our contributions are:

* We develop a new family of flexible distributions over
positive semi-definite matrices by generalising the
Bartlett decomposition.

* We use this distribution to develop an effective approx-
imate posterior for the deep Wishart process which
incorporates dependency across layers.

* We develop a doubly stochastic inducing-point infer-
ence scheme for the DWP. While the derivation mostly
follows that for deep inverse Wishart processes (Aitchiy
son et al., [2020)), we need to give a novel scheme for
sampling the test/training points conditioned on the
inducing points, as this is very different in the DWP
compared to the previous DIWP.

* We empirically compare DGP and DWP inference with
the exact same prior. This was not possible in Aitchi;
son et al.| (2020) as they only derived an inference
scheme for deep inverse Wishart processes, whose
prior is not equivalent to a DGP prior. As expected,
DWPs show strong benefits over DGPs.

2. Background
2.1. Wishart distribution

The Wishart, W (X, v), is a distribution over positive
semi-definite P x P matrices, G, with positive definite
scale parameter X € R”*F and a positive, integer-valued
degrees-of-freedom parameter, . The Wishart distribution
is defined by taking v vectors ny € RY sampled from a
zero-mean Gaussian. These vectors can be generated from
standard Gaussian vectors, &, by transforming them with
the Cholesky, L of the scale parameter, 3 = LLT,

L¢, =ny ~ N (0,%) where £, ~ N (0,I). (1)

Both n) and &, can be stacked to form P x v matrices, N
and E,

n,), 2
& & - &) 3)
Wishart samples are defined by taking the sum of the outer

products of the ny’s, which can be written as a matrix
multiplication:

= (nl np

m Z

> nmn =LEE'L=LZL" =G~ W (Z,v), 4
A=1

=T

where Z = EE" is a sample from a standard Wishart (i.e.
one with an identity scale parameter),

d el =BET=Z~W(Ly). (5)

2.2. Bartlett decomposition

However, sampling = can be computationally expensive
for very large values of v. Instead, it is possible to sample a
Wishart by writing down the distribution over the Cholesky
of Z, denoted A (Bartlett, |1934)). Taking Z = AAT  the
distribution over A is

P (A?j) = Gamma (Agj; a:”_%"’l,ﬁzé) , (6a)
P (Ajsk) =N (A;0,1) ., (6b)

i.e. the square of the on-diagonal elements are gamma and
the off-diagonal elements are IID standard Gaussian.

2.3. Deep Gaussian proceses (DGPs)

In a DGP, we sample features, Fy, from a Gaussian process,
conditioned on features from the previous layer,

p (F€|F€—1) = Z)I\Z:lN (f/<7 0, ngalures (Fé—l)) , (Ta)
P (Y[Fri1) = TN (yaifi L 0%T) (7b)
where Fy = X € RP*¥0 is the input and F, € RP*¥ are
the features. We use P for the number of input points and
v, for the width of layer ¢; thus v is the number of inputs
and vy, is the number of outputs. In addition, the features
and targets can be written as a stack of vectors, fi € R”
and yy € R”, ie.
Fo=(ff £
Y=y ¥y

£), (8)
Y1) 9)

The function K, ., (Fr—1) takes the features at the
previous layer and returns the corresponding P x P kernel
matrix. We mainly consider isotropic kernels such as the
squared exponential, which can be written as a function of
Rfj_l, the distance between input features ¢ and j:

Kféatures;ij = kf(Rfj_l)v (10)
2
ROV = 00 (P -FSY) . an

2.4. Deriving equivalent deep Wishart processes

Following |Aitchison et al.| (2020), we show how the DGP
model of Eq. (7)) can be expressed as a deep Wishart process.
We first consider the P x P Gram matrices defined as

Ve
G = F/F] = > f(E)7, (12)
A=1
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where f f are IID and multivariate-Gaussian distributed
conditioned on the features at the previous layer (Eq. [7a).
Thus, G/ follows the definition of the Wishart (Eq. E]), and
we can sample Gy directly,

p (GZ‘szl) =W (Ge; %[Kfeatures(Fffl)v Vf) . (13)

To work entirely with Gram matrices rather than features,
we need to be able to compute the kernel, Kf, s (Fe—1),
as a function of the Gram matrix at the previous layer,
G/_;. Remarkably, for isotropic kernels it is possible
to obtain K,(-), which takes the Gram matrix from the
previous layer and returns the same kernel matrix as that
returned by applying Kyeaures to the features from the
previous layer (see|Aitchison et al.| (2020) for details):

K@

features

(Fro1) = Ki(Gyoy) = Ké(iFf—ngfl)' (14)

By using the equivalent kernel written as a function of the
Gram matrix at the previous layer, we can entirely eliminate
intermediate-layer features, giving a deep Wishart process,

P (GilGe1) =W (G EKe(Gyn) ), (150)

where we set G = }OXQXT, where Q is a learned diag-
onal matrix allowing for automatic relevance determination,
and

P (Fp1|Gr) = [[Y0'N (££750,K, (G)) ., (15b)
P (Y|Fri1) =[5 N (y2;0,0°T) . (15¢)

2.5. DWP formulation captures true-posterior
symmetries while DGP does not

We now have two equivalent generative models: one
phrased in terms of features, F; and another phrased in
terms of Gram matrices, Gy. Is there any reason to prefer
one over the other? It turns out that there is. In particular,
consider a transformation of the features, F, = UF,
where U is a unitary matrix, such that Uuut = 1.
Remarkably, the true posterior is symmetric under these
transformations, in the sense that all unitary transfor-
mations of the underlying features have the exact same
true-posterior probability density (see|Aitchison et al., 2020,
Appendix D.2), that is, P (F},...,F;,F,1|X,Y) =
P(Fy,....F,Fr1|X,Y).

It would be desirable for variational approximate posteriors
to capture these true posterior symmetries. However, the
usual family of Gaussian approximate posteriors over
features fails to capture these symmetries because they
use non-zero means. Worryingly, the failure to capture
these symmetries can bias variational inference to focus
on low-mass areas of the true posterior (Moore} 2016;
Pourzanjani et al.| 2017).

In contrast, the deep Wishart process (DWP) sidesteps this
issue by phrasing posteriors entirely in terms of Gram matri-
ces, Gy = V%FZF;;F Critically, the Gram matrix is invariant
to unitary transformations of the features,

Gy = +F/F} = LF,UU/F] = LFF/. (l6)

As such, DWP approximate posteriors in terms of Gy
implicitly respect this unitary symmetry over the features.

3. Methods

As detailed in|Aitchison et al.[(2020), the key difficulty in
obtaining a variational inference scheme for DWPs is the
difficulty of providing a sufficiently flexible approximate
posterior. In particular, as we are working with a probabilis-
tic process, the number of input points, P, can be arbitrarily
large, and thus there is always the possibility that v < P and
hence that our sampled Gram matrices are low-rank. We
therefore need to form flexible variational approximate pos-
teriors over rank » Gram matrices. An obvious first choice
is the Wishart distribution itself with degrees of freedom v,
so as to match the rank of matrices sampled from the prior.
However, for fixed degrees of freedom the Wishart variance,

V(G =v (ij + Ziizjj) (17

cannot be specified independently of the mean, which is
essential for a variational approximate posterior that can
flexibly capture potentially narrow true posteriors. An
alternative approach would be to work with a non-central
Wishart, which is defined by taking =, which is IID standard
Gaussian in the case of the Wishart, to have non-zero mean.
However, the non-central Wishart has a probability density
function that is too difficult to evaluate in the inner loop
of a deep learning algorithm (Koev & Edelman, 2006).
Instead, we develop a new Generalised Singular Wishart
distribution, based on the Bartlett decomposition, which
modifies the Wishart to give independent control over the
mean and variance of sampled matrices.

Our Generalised Singular Wishart distribution takes
additional parameters «, 3, ., and o, leading to a density

P(G)=W(G; Z,v,a,B,p,0) . (18)

Inspired by the form of the approximate posterior used
for the deep inverse Wishart process from Aitchison et al.
(2020), we create an approximate posterior for the DWP
layers that introduces between-layer correlations:

Q(G(|Gr-1) = W(Gy; (1 = po) - K(Geo1)+  (19)
peViVE, v, o, By py, o). (20)

The approximate posterior parameters are
{Vi, a0, B 1,00, pe} =y, where 0 < pp < 1is a
scalar, and V, € RP*P,
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Table 1. ELBOs and log-likelihoods for UCI datasets from (Gal & Ghahramanil 2015)) for a five-layer network. See Appendix [H for other

depths. Significantly better results are highlighted.

metric boston concrete energy kin8nm naval power protein wine yacht

ELBO  -0.38 0.01  -0.49 + 0.00 1.41 £ 0.00 -0.14 £ 0.00  3.62 4+ 0.07 0.03 £ 0.00 -1.01 £ 0.00  -1.19 + 0.00 1.63 £ 0.01
-0.46 £ 0.01  -0.55 + 0.00 1.37 £ 0.00 -0.18 £ 0.00  3.74 4 0.08 0.01 £ 0.00 -1.02+0.00  -1.19 + 0.00 1.30 £ 0.02

LL -2.39+£0.04  -3.13+0.01 -0.70 £ 0.03 1.40 £+ 0.01 820+£004 -2774+0.01 -2734+0.00 -096+0.01 -0.46 £ 0.12
-248+£0.04 -3.18£0.01 -0.73 +£0.03 1.38 4 0.01 8.154+0.07 -279+£0.01 -274£0.01 -0.96 £ 0.01  -0.77 £ 0.03

We provide additional details of the methods used, including
the details of the Generalised Singular Wishart, as well as
the doubly-stochastic inference scheme using it, in App. [A]

4. Results

The DWP prior is equivalent to a DGP prior (Sec. 2.4)
(Aitchison et al. 2020); in a DGP, we use features as the
latent variables, whereas in the DWP we use Gram matrices.
Using Gram matrices should be beneficial as the true poste-
riors are expected to be simpler than in the DGP (Sec. [2.3)).

We trained a DWP and a DGP with the same generative
models using squared exponential kernels. We trained
both models for 20000 gradient steps using the Adam
optimizer (Kingma & Bal [2014); see Appendix [G] for
details on the experimental setup. We report ELBOs and
test log likelihoods for depth 5 in Table[I] with other depths
in Appendix [Hl We found strong benefits for the DWP,
which are especially evident if we look at the ELBOs
and smaller datasets (boston, concrete, energy, wine and
yacht). On larger datasets the benefits are smaller as
accurate uncertainty modelling is less relevant. Note that
we compared against the recently introduced DGP method
based on global inducing points (Ober & Aitchison, |2020),
which were particularly important in our setting because we
use an architecture without skip connections for equivalence
of the DGP and DWP. Standard DSVI has considerable
difficulties with optimizing the approximate posterior,
which was alleviated in[Salimbeni & Deisenroth| (2017) by
modifying the prior to introduce skip connections.

5. Related Work

The DWP prior was introduced by |Aitchison et al.| (2020).
However, they were not able to do variational inference with
the DWP because they did not have a sufficiently flexible
approximate posterior over positive semi-definite matrices.
Instead, they were forced to work with a deep inverse
Wishart process, which is easier because the inverse Wishart
itself is a suitable approximate posterior. Here, we give a
flexible generalised Wishart distribution over positive semi-
definite matrices which is suitable for use as a variational
approximate posterior in the DWP. As the DWP prior is
equivalent to a DGP prior, we were able to directly compare

DGP and DWP inference in models with the exact same
prior. Such a comparison with equivalent priors was not pos-
sible in|Aitchison et al.| (2020), because their deep inverse
Wishart process priors are not equivalent to DGP priors.

There is an alternative line of work using generalised
Wishart processes (Wilson & Ghahramani, 2010} as opposed
to our deep Wishart processes). A generalised Wishart pro-
cess specifies a distribution over an infinite number of finite-
dimensional Wishart-distributed matrices. These matrices
might represent e.g. the noise covariance in a dynamical sys-
tem, in which case there might be an infinite number of such
matrices, one for each time or location in the state-space
(Wilson & Ghahramanil |2010; [Heaukulani & van der Wilk,
2019; Jorgensen et al,2020). In contrast, the Wishart pro-
cess (Dawid, [1981}; Brul, [1991)) describes finite dimensional
marginals of a single, potentially infinite dimensional matrix.
In our context, we stack (non-generalised) Wishart processes
to form a deep Wishart process. These generalised Wishart
priors do not have the flexibility to capture a DGP prior
because the underlying features at all locations are jointly
multivariate Gaussian (Sec. 4 in [Wilson & Ghahramani),
2010) and therefore lack the required nonlinearities between
layers. Further, inference is also radically different. In par-
ticular, work on the generalised Wishart performs inference
on the underlying multivariate Gaussian feature vectors (e.g.
Eq. 15-18 in|Wilson & Ghahramani|2010). Unfortunately,
variational approximate posteriors defined over multivariate
Gaussian feature vectors fail to capture symmetries in the
true posterior (Sec.[2.5). In contrast, we define approximate
posteriors directly over the symmetric positive semi-definite
Gram matrices themselves, which required us to develop
new, more flexible distributions over these matrices.

6. Conclusions

We introduced a flexible distribution over positive semi-
definite matrices which formed the basis of a variational
approximate posterior for the deep Wishart process, which
adapted the doubly stochastic variational inference scheme
from |Aitchison et al.|(2020). Thus, we were able to directly
compare the performance for inference in a DWP vs. DGP
with exactly the same prior. We found considerable benefits,
both in terms of predictive performance and the ELBO
from doing inference in the DWP rather than the DGP.
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A. Full Methods

Here we describe in full the methods introduced in this paper. We begin by discussing the singular Bartlett decomposition
(App.[A.]), followed by defining the Generalised Singular Wishart (App.[A.Z). We proceed by writing our approximate
posterior (App.[A.3), continuing by describing in detail the doubly-stochastic inducing point scheme we use to perform
inference in the model, including an algorithm (App.[A.4), and finally finishing by discussing the computational complexity
of the method in App.[A.3]

A.1. Singular Bartlett decomposition

To define the Generalised Singular Wishart distribution, we first need to generalise the Wishart construction to potentially
singular matrices (i.e. those for which v < P). Remembering that Z = AA™, in the singular case A is given by

A11 e 0

A=A, ... Al 1)

Ap1 ... Ap,
P (A?j) = Gamma (A?j; ”7%*1, %) (22)
P (Apsj) = N (A;0,1). (23)

The full probability density is
min(p,v) ' p
P(A)= ][ 24,;Gamma (A3;*= 1) T MV (4;:0,1). (24)
j=1 i=j+1

where the 24 ;; accounts for the Jacobian for the transformation from A?; to A;;. Now we transform from A to G using
the Jacobians in Appendix [C|and Appendix [D|(i.e. by first transforming A — LA then transforming LA — LAATLT )

p min(p,v) 2 . v—j+1 1 P
1 Gamma (A43;; “=5%=, 3)
J=1"j5j Jj=1 Jjj g i=j+1

In Appendix [E| we prove that this corresponds to the known full rank and singular Wishart distribution.

A.2. Generalised Singular Wishart distributions

Our goal is to develop a generalisation of the Wishart distribution, W (X, v, «, 3, p, o) based on the Bartlett decomposition,
which will turn out to have additional parameters, o and 3 for the on-diagonal elements of A and p and o for the
off-diagonal elements. As we will be using this distribution for the approximate posterior, we write densities under this
distribution as Q (+),

Q(G)=W(G:Z,v,a,8,p,0). (26)
To specify this distribution, we generalise the Bartlett decomposition using

Q (A?j) = Gamma (A3;; a5, 5;) , forj <wv (272)

73’
Q(Aisj) =N (Aijhuijao—?j) . (27b)
Thus, the full probability density for A is,

v p
Q(A) = [T 24,Gamma (43;;0;.8) [ N (Aijipiziofy) (28)

j=1 i=j+1
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and applying the same transformations and Jacobians as in the previous section, this implies a distribution over G of,

P 1 min(p,v) 1 p
Q (G) = H mln(j v) H AP*jLP*j?Fl Gamma (Agj’ Qg IBJ) H N (AU’ Hig, gfj) . (29)
=1 L i=1 Ay Ly =1

A.3. Full approximate posterior distribution
Inspired by the across-layer dependencies in|Aitchison et al.| (2020), we use an Generalised Wishart approximate posterior
for G, with dependencies across layers,

Q(GlGe-1) =W (G (1= p) EK(Ge 1) + peVeVTE s ves e, By, by, o¢) (300

where the approximate posterior parameters are {Vy, oy, B, by, 00, pg}%zl, where 0 < py < 11is a scalar, and V, € RP*P,
Note that the exact form for the across layer dependencies in our approximate posterior is inspired by the approximate
posterior in (Aitchison et al.| [2020).

A.4. Doubly stochastic inducing-point variational inference in deep inverse Wishart processes

For efficient inference in high-dimensional problems, we take inspiration from the DGP literature (Salimbeni & Deisenroth)
2017) by considering doubly-stochastic inducing-point deep Wishart processes. We begin by decomposing all variables into
inducing and training (or test) points X; € R7*No and X, € R%*No where P, is the number of inducing points, and P, is
the number of testing/training points,

X; Flrt G!{ Gf
) mee(D) e (@)

where e.g. Ge is P, x P, and G[ is P, x P,. The full ELBO including latent variables for all the inducing and training points
is

L=E

logP (Y|FL41) + log (32)

P ({Ge}iy, FrialX)
Q ({GE}KL:DFL+1|X)

where the expectation is taken over Q ({G¢}}_;, F141|X). The prior is given by combining all terms in Eq. (T3) for both
inducing and test/train inputs,

P ({GeHey, FrilX) = [HeL:1 p (Ge\Ge—l)] P (Fr41|Gyr), (33)

where the X-dependence enters on the right because we set Gy = %XQXT. Taking inspiration from |Salimbeni &
Deisenroth|(2017)), the full approximate posterior is the product of an approximate posterior over inducing points and the
conditional prior for train/test points,

Q ({Gf}/%:l’ FL+1|X) ({Gu (=1 F1L+1|X ) ({Glt =1 {Gtt =1 FL+1|{G11 =1 F1L+17 X) . (34)
And the prior can be written in the same form,
P ({G€}€L=1’ FL+1|X) ({Gu (=1 F1L+1|X) ({G]t =1 {Gtt =1> FL+1|{G }é 17FL+1 X) . (35)

We discuss the second terms (the conditional prior) in Eq. (39). The first terms (the prior and approximate posteriors over
inducing points), are given by combining terms in Eq. (I3)) and Eq. (30),

P ({Gi}oy FEFX) = [T P (GHG) | P (FETG), (36)
Q (G X)) = [T, Q (GHe )] @ (FEGH) . (37)
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Substituting Eqs. (34H37) into the ELBO (Eq.[32), the conditional prior cancels and we obtain,

T Q (GhlGi) | @ (FF k)
17, P (GHlGE)| P (FEGE)

L=E |logP (Y[F/™) +log (38)

The first term is a summation across test/train datapoints, and the second term depends only on the inducing points, so as
in Salimbeni & Deisenroth|(2017) we can compute unbiased estimates of the expectation by taking only a minibatch of
datapoints. We also never need to compute the density of the conditional prior in Eq. (33), we only need to be able to sample
from it,

P ({G, GEY L FEPY{GH L FFTL X)) = P (FEFYFEY GL) T, P (G GEGE, Geo) (39)
The first distribution, P (FtL Rl el 1), is a multivariate Gaussian, and can be evaluated using methods from the GP
literature (Williams & Rasmussen, 2006} |Salimbeni & Deisenroth, 2017). Specifically, we use the global inducing point
scheme from Ober & Aitchi§on (2020). The second distribution is more difficult to sample from. To address this issue, we
introduce sampled features F'y (not to be confused with the features F'y in the corresponding DGP) such that

F R =G~ W (S, 0), (40)

with

- e . 2T
Fo=1|4) Y= " i) =1K, (G, 41
4 (Ff) b (Eti En) v 14 ( 4 1) ’ ( )

where 'y € REHP)xve fro ¢ REX and F, € RP>X¥. Our goal is to sample G and G{ given G£. Our approach is to

note that, ]?“[ conditioned on 1:"i is given by a matrix normal, (Eaton et al., 2007, page 310),

p (Ff

Fz) = MN (232;1Fi,§3m,1) : (42)
where
S =Sy - 2B (43)

Note that we sample each test/train point one-at-a-time/independently, in which case, P, = 1 and 3451 is scalar.

Then Gy, which includes G and G, is given by,

T T
Gt al\  [FI(F)  FI(F
G, = ( Gé) = f‘f Eﬁ‘ng ]?‘f EF;%T

“(E) (07 ) =per e

. w s NT
For F;, we can use any value as long as Gf = F{ (Ff) , as the resulting distribution over Gy arising from Eq. (40) does

not depend on the specific choice of F (App. . Remembering that to sample Gj;, we explicitly sample its potentially
low-rank Cholesky, Ly A, we can directly use

=LA, (45)

However, this only works if v < P, in which case, Ly A, € REXV In the unusual case where we have fewer inducing
points than degrees of freedom, P, < v, then LyA, € REXE 5o we need to pad to achieve the required size of P, X vy,

B = (LA, 0). (46)

Finally, note that we can optimise all the variational parameters using standard reparameterised variational inference
(Kingma & Welling, 2013 Rezende et al., 2014).
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A.5. Computational complexity

Recalling that vy is the width of the ¢th layer, P; is the number of inducing points, and P; is the number of train or test points,
the computational complexity of one DWP layer is given by O(P? + P, P?). This is a decrease of a factor of ;1 over the
complexity for standard DGP inference, such as doubly stochastic variational inference (Salimbeni & Deisenroth| 2017,
which has complexity O(vy41(P? + P,P?)). The difference arises from the fact that in a DGP, v, Gaussian processes are
sampled in each layer, whereas for a DWP we sample a single Gram matrix.

B. Deriving Jacobians for matrix transformations

Following the approach in (Mathai, |1997; Mathai & Haubold, 2008), we define the Jacobian of a function from x to y as the
ratio of volume elements,

. . dy1dys - - - dyn
bian = ———————7—, 47
jacobian dr1ds - din ()

Critically, dx; and dy; are basis-vectors, not scalars. As we are multiplying vectors, not scalars, we need to be careful about
our choice of multiplication operation. The correct choice in our context is an anti-symmetric exterior product, representing
a directed area or volume element, such that,

dl‘id.%‘j = —dxjdxi. (48)
As the product is antisymmetric, the product of a basis-vector with itself is zero,
dCUZ‘da?i = —dwidmi = 0, (49)

which makes sense because the product represents an area, and the area is zero if the two vectors are aligned. To confirm
that this matches usual expressions for Jacobians, consider a 2 x 2 matrix-vector multiplication, y = Ax:

<dy1) _ <A11 A12> <d$1> _ (A11dl‘1 +A12d1’2) (50)
dy2 Ag1 Asx ) \dzo Aordzy + Agadxs )
Thus,
dyldyg = (Alldl'l —+ AlgdiEg) (Agldxl —+ Aggdxg) (51)
dyrdys = A1y Agrda? + Ayy Agadzydag + Ajg Agydradry + Ay Asadrs (52)
As dz? = dx3 = 0, and dov1dzy = —dx1dxe, we have,
dyidys = (A11A2 — Ai12A21) dridas (53)
dy1dys = |A| dzydxs, (54)

so that the Jacobian computed using the determinant definition is equivalent to the expression for the determinant obtained
by working with volume elements.

C. Jacobian for the product of a lower triangular matrix with itself

In this section, we compute the Jacobian for the transformation from A = LA to G = AAT. We begin by noting that the
top-left block of the product of a lower-triangular matrix with itself is a product of smaller lower-triangular matrices:

A:N,:N 0 A,:I;V7:N A%:,:N . A:N,:NA?;V’:N cee s
An..N AN:N 0 Aly.n) : - (55)

As such, we can incrementally compute the Jacobian for this transformation by starting with the top-left 1 x 1 matrix,

G = A}, (56)
dGqy = 2A11dAq;. (57)
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Next, we consider the top-left 2 x 2 matrix,

Gi1 G2 _ A 0 A1 Ay _ A2 A1 Aqq (58)
Ga1 Ga Aor Ao 0 Agp AoiAyr A3+ A3, )
Thus
dGa1 = Ag1dAq1 + AridAoy (59
dGQQ = 2A22dA22 + 2A21 dAQl. (60)

Combining dG1; and dG; gives

dG11dGa1 = (2A11dAq11) (AgrdAry + AridAgy) (61)
dG11dGy1 = 2A%, (dAy1dAyy), (62)

and then combining dG11dG; and dGos gives

dGunglngg = (2/\%1 (dAlldAgl)) (2A22dA22 + 2A21dA21) (63)
dGungldng = 4A%1A22 (dAHdAgldAzg) . (64)

Thus, we can prove by induction that the volume element for the top-left p x p block of G, and in addition the first K < p+1
off-diagonal elements of the p 4 1th row is

(f[ H dGik> (ﬁ dGHLk) = op <ﬁ H Akde,»k> (ﬁ dAkkA,,H,k) : (65)

i=1k=1 k=1 i=1k=1 k=1

vol. elem. for G.; ., vol.elem. for G, 41, x

The proof consists of three parts: the base case, adding an off-diagonal element and adding an on-diagonal element. For
the base-case, note that the expression is correct for p = 1 and K = 0 (Eq.[57). Next, we add an off-diagonal element,
Gpt1,K+1, where K +1 < p+ 1. We begin by computing dG), 11,k +1. Note that the sum only goes to K + 1, because
AK+1,j =0forj > (K + 1):

K41
Gpt1,K+1 = Z Apt1,jAK 11,5, (66)
j=1
K41
dGpr1rer = ) (Axarjdpin + Mprrjdhri ). (67)
j=1

Remembering that dA?j = 0, the only term that does not cancel when we multiply by the volume element for the previous
terms is that for dAp 1 x+1:

p i K+1 p i K
(H H dGik> (H de+1,k> = (H H dGik) (H de+1,k> dGpi1,K+1 (68)
k=1

i=1k=1 i=1 k=1 k=1

vol. elem. for G ., vol.elem. for Gp 11, . k41

P 1 K
— 9P (H H Akdeik> (H dAkkAp-i-l,k) de+1,K+1 (69)

i=1k=1

K
H dAkkAerl,k) (Axt1,K+1dApi1,/041) (70)
ke

dAlckAerl,k) . (71)
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So the expression is consistent when adding an on-diagonal element. Finally, the volume element for G, 11 11 is,

p+l K41
_ 2 _
Gpi1pr1 = O A2y ;dGpi1 k1 =3 Api1dhpi .
=1 =1

(72)

Remembering that dA?j = 0, the only term that does not cancel when we multiply by the volume element for the previous

terms is that for dA, 1 pt1,

=) - (=) (i)

i=1 k=1 i=1k=1
vol. elem. for G.p 1 1,.p 41 vol. elem. for G.;, ., vol.elem. for Gp41,:p41
p i p
= (H H dGik> <H de—i—l,k) de+1,p+1
i=1k=1 k=1
p i p
=2F (H H Akdeik> (H dAkkAp+1,k> dGpi1,p+1
i=1k=1 k=1
p
(H H Akdezk> ( dAkkAp+1,k) (2Ap11p+1dAp 41 pr1)
i=1k=1 k=1
p+1
= ortl < H Akdezk> (H AkkAp+1,k>
i=1k=1 k=1
p+1 ¢
= optl <H H Akdezk>
1=1 k=1

Thus, the final result is:
p i min(p,v) _ p i
(HHdGik> =|2° H APFI (H dAz'k)-
i=1k=1 i=1 i

dG = dA H AP

i=1

C.1. Singular matrices

The above derivation can be extended to the singular case, where A has a form mirroring that of A in Eq. (ZI):

A11 0
A= Al/l AVV
Apl . API/

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

81)

To form a valid Jacobian, we need the same number of inputs as outputs. We therefore consider differences in only the

corresponding part of G (i.e. Gy j<min(i,))- The recursive expression is

m

in(é,v p min(z,v) K
H Gin <H Gyt k) — omin(p,v) H H AprdAg (H dAkkAp+17k> )
k=1 =1 k=1

k=1

P
i=1

vol. elem. for G.;, .

vol. elem. for G 41, i

(82)
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where K < min(p, v). For p < v, the recursion is exactly as in the full-rank case. For p > v, the key difference is that there
are no longer any on-diagonal elements. As such, for K = v we have

p+1 min(i,v) p min(z,v) v
II II dGu| =11 II dGu (HdeH,k) (83)
i=1 k=1 i=1 k=1 k=1

S ———

vol. elem. for G, ., vol. elem. for G 11,

p min(i,v) K
= 2min(p’y) H H Akk;dAik <H dAkkAerl,k) (84)

i=1 k=1 k=1

p+1 min(i,v)

—omine) (TT T Awedae | - (85)

i=1 k=1

The final expression, allowing for the possibility of singular and non-singular matrices, is thus

p min(z,v) min(p,v) ‘ p min(z,v)
II dGy | =TI 28577 ) (1T II daw (86)
i=1 k=1 i=1 i=1 k=1
min(p,v) _
dG =dA ] 2a57 (87)
i=1

D. Jacobian for product of two different lower triangular matrices

In this section, we compute the Jacobian for the transformation from A to A = L A. We begin by noting that A (Eq. is
a potentially rectangular lower-triangular matrix, with the same structure as A. Writing this out,

A1 0 0 L1 0 0 0 0 A 0 0
Ao Ay O Loy Ly O 0 0 Ay Axy 0
Az1 Asy Ags | =|Lsi Lsp Lzz O 0 Asgp Aszy Ass | . (88)
Ay Ay Ags Lyn Lyo Liys Ly O Ay Ay Ags
Asi Asz Ass Ls; Lsz Ls3 Lss Lss A5 Asy Ass
For the first column,
A L1 0 0 0 0 A
Aoy Ly Ly O 0 0 Azt
Azi | = | Lait Lsz L3z 0 0 Az |, (89)
An Lyt Lyp Lys Ly 0O A
Asy Lsi Lsy Lsz3 Lsy Lss As1
ie.
A:,l = LA:,l- (90)
For the second column,
0 Lqq 0 0 0 0 0
Ao Ly Ly O 0 0 Az
Asg | = | Lai L3z L3z 0 0 Aso |- 1
Aso Ly Lyz Lys Lyy 0O Aso
Aso Lsi Lsy Lsz3 Lsy Lss Aso
‘We can eliminate the first row and column of C,
Agp | _ | Ls2 Lss O 0 Aszp ©2)
Aao Ly Lsz Lys O Agp |’

Aso Lsy Lss Lsqa Lss Aso
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i.e.

For the third column,

0
0
Ass
Ay3
As3

AQ:,Q = L2:,2:A2:,2-

L1 0 0 0 0 0

Loy Loo 0 0 0 0
=Lz Lz L3z 0 0 A3

Ly Lgp Lsz Ly O Ay

Lsi Lsy Lss Lsy Lss Ass

so we can eliminate the first two rows and columns of C:

i.e.

As3 Lzz 0 0 Assz
Az | =|Laz Laa O Ags |,
As3 Lss Lsy Lss Ass

As. 3 = Ls. 3.Az3. 3.

93)

(94)

95)

(96)

As such, the full computation A = LA can be written as a matrix-vector multiplication by rearranging the columns of A

and A into a single vector:

A L. 1. 0 0 Ay
Az o 0 Lpp ... O As. o

) = ) ) ) ) (G
AV:,V 0 0 cee LV:A,V: AV:,V

The Jacobian is given by the determinant of the square matrix, and as the matrix is lower-triangular, the determinant can be
written in terms of the diagonal elements of L,

p min(z,v)

D p min(z,v)
IT I drw :(HLgi“(’*”) 11 dAy | . (98)
i=1

i=1 k=1 i=1 k=1

E. Proving the singular Bartlett (above) corresponds to the Wishart

i g 2 [T
We need to change variables to A;; rather than A3;

OA2.
P (A;;) =P (A2, 21 99)
33 ( ].7) aAj]
= Gamma (A7; veitl 1) 245, (100)
(A?j)(ufj+1)/271 o—AZ/2 9 (101
i v—j+1 i
2(v—j+1)/21 (%)
A]’{j—jefA?j/Q
= , — (102)
V—j— v—j+1
2(w=i=1)/2p (=)
Thus, the probability density for A under the Bartlett sampling operation is
7 AV I~ T5/2 p 1
Pa) =I5 e Ah/2, (103)

j=12 2 I (&) s V2

on-diagonals off-diagonals

! djalil.chafai.net/blog/2015/10/20/bartlett-decomposition-and-other-factorizations/
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where 7 = min(v, p). To convert this to a distribution on G, we need the volume element for the transformation from A to
Z = AAT, which is given in Appendix [C] (Eq. (80)):

dZ = dA H 2ARTIHL (104)
j=1
Thus
P(z)=P(A) | ] 54,77 (105)
j=1

~ _ 2
17 A]V-j P 1€_T1J/2 4

j=127 2 D (&) isin

Now, we break this expression down into separate components and perform standard algebraic manipulations. First, we
manipulate a product over the diagonal elements of A to obtain the determinant of Z:

5 v—p—1

147 = (1145 = A AT VTPV L g, b2 (107)
j=1

Jj=1

Next, we manipulate the exponential terms to form an exponentiated trace. We start by combining on- and off-diagonal
terms, and noting that Aij = 0 fori < j, we can extend the sum

f[ e A%/ ﬁ e~ Ai/? = f[ ﬁe—A?j/2 = f[ ﬁe—A?j/Q. (108)
j=1

i=j+1 j=1i=j j=1i=1
Then we take the product inside the exponential and note that as Z = A AT, we can write the sum as a trace of Z,
—e 5:1 f:l _A?j/Q —e~ TT(Z)/2. (109)

Next, we consider powers of 2. We begin by computing the number of 1/+/2 terms, arising from the off-diagonal elements,

v.op . L\ V=) +(-1)/2
II1I &= (7) : (110)
j=1i=j+1

Note that the (2 — 1) term corresponds to the off-diagonal terms in the square block A..; ., and the v(p— ) term corresponds
to the terms from A . .. Next we consider the on-diagonal terms,

v 1 L\ D) v L\ L\ P =551 /2
Hommm=(5) (%) =) : (111)

j=1 =1

Combining the on and off-diagonal terms,

z 1 L 1 1 v(p—0)+(0—1) /240 (v+1)—D(D+1)/2
HW H ﬁ:(%) (112)
Jj=1 i=j+1
1\ Wp—vR)+ (52 [2=0/2)+ (v 4) (=02 /2-7/2)
:(ﬁ) (113)
1\
= (%) : (114)
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Finally, using the definition of the multivariate Gamma function,

v p v
Hr(u—gﬂ) H ﬁ:ﬂ_u(p—ﬂ)/Q 7Tﬂ(;;—l)/41—[r(u—gﬂ) (115)
j=1 j=1

i=j+1

—re(3)

= qvp=2)/21 (%). (116)
We thereby re-obtain the probability density for the standard Wishart distribution,

v(o— 2
v (@=p)/ ‘(y—p—l)/Qe—Tl'(E)/Z. 117)

P(Z) = m |Z.5..5

For o = v, this matches Eq. 3.2 in |Srivastava et al| (2003), and for 7 = p it matches the standard full-rank Wishart
probability density function.

F. Choice of F;

Here, we establish that the distribution over FtFiT and FtFtT does not depend on the choice of F;. Due to the definition of
F; (Eq. we can write,
F, = SIS 1F, + 2175, (118)

tt-i

where = is a matrix with IID standard Gaussian elements. Thus,
FF =TS 'FFT + 22 28FT (119)
FF] ~ MN (33" Gii, Bui, Gii) - (120)
We can do the same for FF!
FF! =2I'S'FFs s
+BISIRES + 2 EF S S,
+x/2EEnl
The first term is independent of the choice of of F; because Gj; = FIFIT The term on the last line does not depend on F; at
all. Finally, the two terms in the middle are Gaussian with covariance that depends on Gy; but not the specific choice of F:

SISTIRESY? ~ MN (0,21 1GiE; 1S, Su) (121)

tt-i

SVPERTS IS ~ MN (0, S0, SIS 1GiE 1 E) (122)

Thus, the additional components of G, Gy = FF; and Gy = FF, depend on Gy; but not on the specific choice of F;.
Thus, any F; can be used as long as Gj; = FlFlT

G. Experimental details

Datasets All experiments were performed using the UCI splits from |Gal & Ghahramani| (2015)), available at https :
//github.com/yaringal/DropoutUncertaintyExps/tree/master/UCI_Datasets. For each dataset
there are twenty splits, with the exception of protein, which only has five. We report mean plus or minus one standard error
over the splits.

Model details As standard, we set v (the ‘width’ of each layer) to be equal to the dimensionality of the input space.
We use the squared exponential kernel, with automatic relevance determination (ARD) in the first layer, but without for
the intermediate layers as ARD relies on explicit features existing. However, we found in practice that using ARD for


https://github.com/yaringal/DropoutUncertaintyExps/tree/master/UCI_Datasets
https://github.com/yaringal/DropoutUncertaintyExps/tree/master/UCI_Datasets
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intermediate layers in a DGP did not hugely affect the results, as each output GP in a layer shares the same prior and hence
output prior variance. For the final, GP, layer of the DWP model we use a global inducing approximate posterior (Ober|
& Aitchison, [2020), as done in the DGP. We leave the particular implementation details for the code provided with the
paper, but we note that we use the ‘sticking the landing’ gradient estimator (Roeder et al., 2017) for the {c, B, s, 0'5}5:1
approximate posterior parameters of the DWP (using it for the other parameters, as well as for the DGP parameters, is
difficult as the parameters of one layer will affect the KL estimate of the following layers for global inducing posteriors).

Training details We train all models using the same training scheme. We use 20,000 gradient steps to train each model,
using the Adam optimizer (Kingma & Ba, |2014) with an initial learning rate of le-2. We anneal the KL using a factor
increasing linearly from O to 1 over the first 1,000 gradient steps, and step the learning rate down to le-3 after 10,000
gradient steps. We use 10 samples from the approximate posterior for training, and 100 for testing. Experiments were
performed using an internal cluster of machines with NVIDIA GeForce 2080 Ti GPUs, although we used CPU (Intel Core
19-10900X) for the smaller datasets (boston, concrete, energy, wine, yacht). For easy parallelisation across machines and
sessions, we used the Jug python package (Coelhol 2017).
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H. Tables

Table 2. ELBOs per datapoint. We report mean plus or minus one standard error over the splits.

{dataset} - {depth} DWP DGP
boston-2 -0.33 +0.00 -0.37 £ 0.00
3 -0.344+0.01 -0.41+0.00
4 -0.36+0.01 -0.44+0.01
5 -038+0.01 -0.46+0.01
concrete -2 -0.42 +0.00 -0.45 £ 0.00
3 -043+0.00 -0.48+0.00
4 -0.46 +0.00 -0.52+0.00
5 -049+0.00 -0.55+0.00
energy -2 1.46 £0.00 1.43 £0.00
3 1444+0.00 1.41+0.00
4 142+0.00 1.39+0.00
5 1414+0.00 1.37+0.00
kin8nm -2 -0.16 +0.00 -0.16 + 0.00
3 -0.15+0.00 -0.134+0.00
4 -0.14 +0.00 -0.17 +£0.01
5 -0.144+0.00 -0.18+0.00
naval -2 379 +£0.07 3.93 £+ 0.06
3 375£0.11 3.824+0.07
4 3724007 3.95+0.03
5 3.624+0.07 3.74+0.08
power-2 0.034+£0.00 0.03 £ 0.00
3 0.03£0.00 0.03£0.00
4 0.03+0.00 0.024+0.00
5 0.03+0.00 0.01+0.00
protein-2 -1.07 £0.00 -1.07 £ 0.00
3 -1.04+£0.00 -1.04+0.00
4 -1.01+0.00 -1.0240.00
5 -1.01+0.00 -1.02+0.00
wine-2 -1.18 £0.00 -1.18 +0.00
3 -1.18+£0.00 -1.18+0.00
4 -118+0.00 -1.1940.00
5 -1.194+0.00 -1.19+0.00
yacht-2 2.02+0.01 1.94+0.01
3 1.88+0.02 1.48+0.01
4 1.74+0.02 1.38+0.01
5 1.63+0.01 1.30+0.02
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Table 3. Average test log likelihoods. We report mean plus or minus one standard error over the splits.

{dataset} - {depth} DWP DGP
boston-2 -2.404+0.05 -2.42+0.05
3 -238+£0.04 -2.46+0.05
4 -237+0.04 -24740.05
5 -2394+0.04 -2.48+0.04
concrete -2 -3.134+0.02 -3.12 £ 0.02
3 -3.11+£0.02 -3.12+0.02
4 3124002 -3.17+£0.01
5 -3134+0.01 -3.18£0.01
energy -2 -0.70 £ 0.03 -0.70 £ 0.03
3 -071+£0.03 -0.70 +0.03
4 -0.70+0.03 -0.70 +0.03
5 -0.70+0.03 -0.73£0.03
kin8nm-2 1.35+0.00 1.35 4 0.00
3 1.374+0.00 1.40+0.00
4 1.40+0.00 1.38+0.01
5 1404+0.01 1.38£0.01
naval-2 8.16 £0.10  8.27 + 0.05
3 8.184+0.08 8.13+0.09
4 8.19+0.06 8.33+0.03
5 8204+0.04 8.1540.07
power-2 -2.77+£0.01 -2.78 +0.01
3 2774001 -2.774+0.01
4 -277+0.01 -2.784+0.01
5 -2774+0.01 -2.79+0.01
protein-2 -2.81 £0.00 -2.82 4+ 0.00
3 -2784+0.00 -2.76+0.00
4 -2.73+0.00 -2.7540.01
5 -2734+£0.00 -2.7440.01
wine -2 -0.96 £0.01 -0.96 + 0.01
3 -0964+0.01 -0.96+0.01
4 -0.96+0.01 -0.96 4+ 0.01
5 -0964+0.01 -0.96+0.01
yacht-2 -0.03+0.09 -0.05+£ 0.08
3 -0.14+0.07 -0.68 £0.04
4 -045+0.11 -0.724+0.03
5 -046+0.12 -0.77+0.03
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