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Abstract

A key challenge facing deep learning is that neural
networks are often not robust to shifts in the un-
derlying data distribution. We study this problem
from the perspective of the statistical concept of
parameter identification. Generalization bounds
from learning theory often assume that the test
distribution is close to the training distribution. In
contrast, if we can identify the “true” parameters,
then the model generalizes to arbitrary distribu-
tion shifts. However, neural networks are typi-
cally overparameterized, making parameter iden-
tification impossible. We show that for quadratic
neural networks, we can identify the function rep-
resented by the model even though we cannot
identify its parameters. Thus, we can obtain ro-
bust generalization bounds even in the overparam-
eterized setting. We leverage this result to obtain
new bounds for contextual bandits and transfer
learning with quadratic neural networks. Overall,
our results suggest that we can improve robust-
ness of neural networks by designing models that
can represent the true data generating process. In
practice, the true data generating process is of-
ten very complex; thus, we study how our frame-
work might connect to neural module networks,
which are designed to break down complex tasks
into compositions of simpler ones. We prove ro-
bust generalization bounds when individual neural
modules are identifiable.

1. Introduction

Recent work has demonstrated that neural networks are
not robust to shifts in the underlying data, including both
distribution shifts (i.e., where the data comes from a new
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distribution independent of the neural network parame-
ters) (Hendrycks & Dietterich, 2019; Taori et al., 2020)
as well as adversarial shifts (i.e., where the shift can de-
pend on the neural network parameters) (Szegedy et al.,
2013). Accordingly, there has been a great deal of inter-
est in better understanding why neural networks fail to be
robust (Tsipras et al., 2018; Ilyas et al., 2019) and on im-
proving robustness (Goodfellow et al., 2014; Raghunathan
et al., 2018; Cohen et al., 2019).

From the perspective of learning theory, there is little reason
to expect neural networks to be robust, since generalization
bounds typically assume that the test examples are from the
same distribution as the training examples. PAC-Bayesian
generalization bounds allow for a limited amount of robust-
ness, but only if the support of the target distribution g is
contained in that of the source distribution p, since it re-
quires that the KL divergence Dxy.(¢q || p) is finite. Yet,
the distribution shifts considered (Hendrycks & Dietterich,
2019) often shift probability mass to inputs that are com-
pletely outside of the source distribution.

Instead, the reason we might expect neural networks to be
robust to these shifts is that humans are robust to them; for
instance, small pixel-level shifts considered in adversarial
examples are typically unnoticeable to humans, yet these
shifts can move the image completely off of the distribution
of natural images. This fact indicates a gap in our theoretical
understanding of neural networks. In particular, the key
question is understanding settings under which we may
expect neural networks to be robust to distribution shifts
that are “large” (e.g., in terms of KL divergence).

We study a strategy for closing this gap based on the sta-
tistical concept of identifiability (Hsu et al., 2012). Ata
high level, this concept assumes that the ground truth model
belongs to the model family; then, in the limit of infinite
training data, the learning algorithm can exactly recover the
parameters of the ground truth model. For instance, in linear
regression, the data is generated according to the model

y=(0",z)+¢,

where £ is o-subgaussian noise. Then, under mild assump-
tions on the training data Z = (X,Y’), the ordinary least
squares (OLS) estimator §(Z) recovers the true parameter—
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i.e., in the limit of infinite data, §(Z) = #*. With finite
samples, OLS satisfies high-probability convergence rates
of the form

10(Z) — 6%z < e. (1)

The connection to robustness is that if (1) holds, then for
any input x such that |||z < Zmax, We have

0(2),2) — (6", 2) < 18(Z) = 6" |}z - |lz]]2 < e wma(xi
)

Thus, for any distribution ¢(z) with support on
By(0,2mx) = {z € X | [lzfl2 £ @ma}, 6(Z) ob-

tains bounded error—i.e., we have E,,)[((0(Z),z) —
(0%, 1))?] < €222, with high probability.

max

Thus, a natural question is whether we can obtain similar
kinds of parameter identification bounds for neural networks.
A key complication is that neural networks are typically
overparameterized, possibly to facilitate optimization (Du
& Lee, 2018; Jacot et al., 2018). In this setting, identification
is no longer possible, since multiple parameters can yield
the same model; at best, identification is possible if a finite
set of parameters yield the same model, but neural network
parameters may have continuous symmetries. Nevertheless,
it may be possible to obtain bounds of the form (2)—in
particular, even if we do not recover the true parameters
6*, we can in principle still recover the function fg«(x) =
(0*, z). We refer to this notion as function identification.
Furthermore, we show that quadratic neural networks satisfy
function identification bounds under mild conditions.

To demonstrate the utility of this result, we show how func-
tion identification can be straightforwardly leveraged to ob-
tain regret guarantees for a linear bandit (Rusmevichientong
& Tsitsiklis, 2010) where each arm is a quadratic neural
network. Linear bandits fundamentally involve covariate
shift since their “covariates” are arms, which are adaptively
chosen through the learning process as a function of past ob-
servations; thus, existing approaches have all operated in the
setting where there is a unique and identifiable global mini-
mizer. Similarly, we build on recent work proving bounds
on transfer learning in the setting of bounded label shift and
unbounded covariate shift (Bastani, 2020; Xu et al., 2021);
again, we show that we can leverage function identification
to easily transfer learn quadratic neural networks.

We also study how our results can connect to neural module
networks (Andreas et al., 2016), which are designed to break
down complex tasks into smaller ones that can each be
solved by a neural network. We study a simplified form
of neural module networks, where modules are quadratic
neural networks composed in sequence according to a given
input; for simplicity, we assume they can be trained in a
supervised way, ensuring robust generalization. Then, we

show that under certain conditions, compositions of these
models are also robust, including the case where there are
shifts in the distribution over compositions.

In summary, our contributions include formalizations of
function identification and robust generalization (Section 2),
a proof that quadratic neural networks satisfy function iden-
tification (Section 3), an application of this result to bandits
(Section 4) and transfer learning (Section 5), and an anal-
ysis of robust generalization for neural module networks
(Appendix B). Finally, we provide an expanded discussion
of related work in Appendix A.

2. Problem Formulation

We consider a model fy : X — ), with covariates X C RY,
labels Y C R, and parameters § € © C R™. A typical
generalization bound from learning theory has form

Po)|Lp(0(2)) <€) >1-6
where L, (0) = Ep ) [(fo(x) — fo- (2))2], 3)

where €,0 € Ruo, Z = {(z1,y1), s (Tnsyn)} S X X Y
with y; = fo (x;) + &; a training set of i.i.d. observations
from a distribution p (i.e., p(Z) = p(x1,y1) - P(Tn, Yn)),
&; is bounded random noise independent of z; with ||£]] <
Emax, 0% € O are the true parameters, and
0(Z) = argmin L(0; Z)

0o

where f)(@; Z) = %Z(fa(lfi) —y;)? G))

i=1

is an estimator based on the training data Z.! In particular,
they assume that the training inputs x; ~ p are i.i.d. samples
from the same distribution as the test example x ~ p.

Definition 2.1. The model fy and distribution p satisfy
Sfunction identification if for any €,0 € R-(, we have
Puol¥e € X . (fyz)(@) — for(@)? < ] = 1 -6 for
n = |Z| sufficiently large.

Function identification implies generalization bounds even
when the test data comes from a different distribution ¢. In
particular, we say fy robustly generalizes if for any q with
support on X, we have

Py Le(0(2)) < €] 21 -6, (5)
where the difference from (3) has been highlighted in red.
It is easy to see that function identification implies (5).

'In (3), the loss L, omits the label errors ¢; including it would

result in an additive constant to L,,. This choice ensures that the
optimal parameters have zero loss—i.e., Lq(0*) = 0 for any g.
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3. Function Identification of Quadratic
Neural Networks

Traditional statistical bounds on parameter identification can
provide guarantees for arbitrary covariate shift. In particular,
suppose we have a bound of the form

Pyz) 16(Z) =02 <e| >1-30, (6)

and assume that the model family fy is K -Lipschitz contin-
uous in #; then, we have

Ly(0(2)) < K*-110(2) — 073 < K% (D)

with probability at least 1 — ¢ according to p(Z). In partic-
ular, this bound holds for any covariate distribution ¢g. Our
goal is to extend these techniques to quadratic neural net-
works, which are overparameterized so we cannot identify
the true parameters 8*—i.e., (6) does not hold.

3.1. Quadratic Neural Networks

We consider a neural network fy, where § € R*k,
with a single hidden layer with k neurons—i.e., fy(z) =
Zle a;-0({8;,z)). We consider the over-parameterization
case where k£ can be much larger than d. Following prior
work (Du & Lee, 2018), we assume that fy has quadratic ac-
tivations and output weights equal to one—i.e., o(2) = 2>
and a; = 1 for each j € [k], so we have

k
fQ(x) = Z<aja$>2'

j=1

We assume the true (training) loss is the mean-squared er-
ror Ly (60) = E,)[(fo(x) — fo-(2))?], and we consider a
model trained using an empirical estimate of this loss on
the training dataset as in Problem (4). Now, our goal is to
obtain a bound of the form (7); to this end, we assume the
following.

Assumption 3.1. ||z < Zmux and ||0]|F < Omax-

Assumption 3.2. There exists &« € Ry such that
Epo)[(z " Az)?] > al|A||% for any symmetric A.

A discussion of Assumption 3.2 is given in Appendix C.3.

3.2. Robust Generalization

Our approach leverages the fact that fp(z) = x' (00 7)x;
thus, fy resembles a matrix factorization model. Recent
work has leveraged this connection to translate matrix fac-
torization theory to quadratic neural networks (Du & Lee,
2018). We let g(8) = 60" and fy(z) = x ¢z, where
¢ € ® C R4 in which case fy(x) = fg(g) (z); in addi-
tion, we define L, (¢) = E, o) [(fs(2) — for (x))?], where

¢* = g(0%), and L(¢; Z) = n™" 350, (fo(xi) — vi)? so
L,(0) = L,(g(0)) and L(0; Z) = L(g(6); Z). Finally, we
assume that ||¢]| F < @max; in general, we have @pax < 02
by Assumption 3.1.

We state our main result, which says that quadratic neural
networks can be functionally identified.

Theorem 3.3. For any distribution q(x) with support on
Bs(0, Ty ), we have

>1-6

2K %
Ppz) [Vo € X () (x) = for (2))* < o

The proof is given in Appendix C.1. We first show that our
estimate of the loss function is a uniformly good approxi-
mation of the true loss. Then, by the strong convexity of
the loss L, () in ¢, the estimation error of g(#*) can be
upper bounded by that of the loss function. Combined with
the Lipschitz continuity of the quadratic neural network, we
can finally bound the generalization error by the estimation
error of g(6*), regardless of the covariate distribution.

Finally, we also prove that gradient descent can find the
global minima of L(6; Z), which ensures that gradient de-
scent can perform function identification; we give a proof
in Appendix C.2.

Theorem 3.4. All local minima of L(0; Z) are also global

minima.

4. Quadratic Neural Bandits

A key application of robust generalization bounds is to para-
metric bandits; this is because, in bandit learning, the distri-
bution of inputs x used to estimate 6 ~ 6* can differ from
the distribution under which f; is used. Thus, generalization
bounds based on notions such as Rademacher complexity
cannot be used. Unlike prior literature in bandits, we con-
sider an overparameterized function that does not admit a
unique solution; in contrast, recent work on neural tangent
kernel bandits (Zhou et al., 2020) assumes that there is a
unique, identifiable solution.

We consider a standard linear bandit (Rusmevichientong &
Tsitsiklis, 2010; Abbasi-Yadkori et al., 2011) with a fixed
horizon T' € N, but where the expected reward is param-
eterized by a quadratic neural network instead of a linear
function. At each time step ¢, the algorithm chooses among
a continuum of actions z; € X, and receives a reward

k

Y = for(z1) + & = Z<9;7It>2 + &, ®)

j=1

where #* € R?** is an unknown parameter matrix, and
&; are bounded i.i.d. random variables. For simplicity, we
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assume that X = B3(0, 1) is the unit ball. Then, our goal is
to bound the regret

T
R(T) = Z(EP(Et)[yt] — "), where y* = max fo (z).

t=1

Next, we consider an explore-then-commit strategy for
simplicity (Summarized in Algorithm 1), since it al-
ready achieves the asymptotically optimal regret rate (Rus-
mevichientong & Tsitsiklis, 2010); our approach can sim-
ilarly be applied to more sophisticated algorithms such as
UCB (Abbasi-Yadkori et al., 2011) and Thompson sam-
pling (Agrawal & Goyal, 2013). Our algorithm proceeds
in two stages: (i) the exploration stage (for t € {1,...,m}),
and (ii) the exploitation stage (for t € {m + 1,...,T}),
for some m to be optimized. In the exploration stage, we
randomly choose actions z; ~ p, where

pto) = [Tvnitorm («:[ = LT) 0

i=1

Next, we compute an estimate 6 of #* based on the data Z
collected so far, and compute the optimal action & assuming
§ are the true parameters. Then, in the exploitation stage,
we always use action 2. Note that traditional bounds do not
provide any guarantees about the accuracy of f;(&) com-
pared to fy« (), since & is not sampled from the distribution
p. In contrast, Theorem 3.3 provides a uniform guarantee,
and can therefore be used to bound the regret.

Theorem 4.1. The expected regret of Algorithm 1 is

Bbma KT\ \ '/
O ’

R(T)<Co+C4 .T2/3 (log (3 +

where Cy and C1 do not depend on T (see Appendix D).

In particular, we have R(T') = O(T?/3); we give a proof in
Appendix D.

5. Transfer Learning of Quadratic Neural
Networks

So far, we have considered shifts in the covariate distribution
but not in the label distribution. Now, we consider a transfer
learning problem where there is additionally a small shift
in the labels. In particular, we assume we have proxy data
Zp, € X x Y from the source domain of the form y, ; =
fox (2p,i) + &p,i (for i € [n,)), where 6 € © are the proxy
parameters and p(z,) is the source covariate distribution,
along with gold data Z, C X x ) from the target domain of
the form yg; = fox (24,i) + &g, (for i € [ng]), where 67 €
© are the gold parameters and ¢(x) is the target covariate
distribution. We are interested in the setting n,, > ng, and
where [|0; — 05 || r < B is small.

We consider a two-stage estimator (Bastani, 2020)Athat
first computes an estimate of the proxy parameters 6, =
arg mingcgq L(0; Z,), and then computes an estimate of
the gold parameters in a way that is constrained towards
the proxy parameters. Note that by applying Theorem 3.3
directly to proxy data, we have for ¢, = O(\/% ) (See
Appendix E) that

A 2K2¢
Pp(z) [Lq(t%) < — p] >1-

N>

Then, letting B =B+ o%,’ / % (0o defined in Assump-
tion E.1) be an expanded radius to account for error in our
estimate of ¢,,, we use the estimator

ég: arg min I:(H;Zg)
9632(91)73)

where By(6,, B) = {0 € © | |0 — 6,]|r < B}.
Then, we show that if B is small and n, is large, f(;q is

accurate even if n, is small; we give a proof in Appendix E.

Theorem 5.1. For any distribution q(x) with support on
Bs(0, Ty ), we have

A 2K2%¢
IP)p(Z) {Lq(gg) < o g} >1-39,

where €, = O(B,/ %) (See Appendix E).

6. Conclusion

We have presented a number of results demonstrating that
overparameterization does not fundamentally harm learning
models that are robust to arbitrary distribution shifts. In
particular, even though we can no longer identify the true
parameters for quadratic neural networks, we show that
we can identify the true function, thereby enabling us to
prove new results in bandits and transfer learning. Finally,
we provide preliminary analysis extending these results to
neural module networks to handle complex data generating
processes. A limitation of our work is that it is specialized
to quadratic neural networks; a key direction for future work
is exploring how these results extend to other architectures.
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A. Related Work

Prior work has connected misspecification (i.e., the true model is in the model family) and robustness to covariate
shift (Shimodaira, 2000; Wen et al., 2014); however, having a correctly specified model is insufficient if the true parameters
are not identifiable—e.g., in linear regression, if the covariance matrix 3 = E, () [z T] is singular, then @ are not identifiable;
in this case, the estimated model may not be robust. Quadratic neural networks cannot be identified even if the model is
correctly specified since the parameters have a continuous symmetry (i.e., orthogonal transformations).

Recent work has studied learning under adversarial examples (Goodfellow et al., 2014; Raghunathan et al., 2018; Cohen
et al., 2019) and corrupted training data (Steinhardt et al., 2017; Diakonikolas et al., 2019). In contrast, we are interested
in robustness to covariate shift; there has been recent work empirically showing that neural networks are sensitive to
distribution shift (Hendrycks & Dietterich, 2019; Taori et al., 2020; Ruis et al., 2020; Ribeiro et al., 2020; Koh et al., 2020).
Distributionally robust optimization enables training of models robust to small shifts (Duchi & Namkoong, 2018), but we
are interested in potentially large shifts. Unsupervised domain adaptation (Ben-David et al., 2007; Blitzer et al., 2008) learns
a model on a covariate shifted target distribution; however, they rely on unlabeled examples from the target domain, whereas
we do not. There has been recent theory on robustness to adversarial perturbations—e.g., showing there may be a tradeoff
between robustness and on-distribution generalization (Tsipras et al., 2018), and that non-robust algorithms tend to learn
predictive but brittle representations compared to adversarially robust ones (Ilyas et al., 2019). In contrast, we show that
these tradeoffs are mitigated when the true model function can be identified despite overparameterization. Furthermore,
adversarial shifts are typically bounded (e.g., small L., norm), whereas the shifts we consider may be large.

There has been a great deal of recent work on deep learning theory, including on quadratic neural networks; however, it
has largely focused on optimization (Ge et al., 2017; Jacot et al., 2018; Du et al., 2019; Gao et al., 2019), on-distribution
generalization (Neyshabur et al., 2017; Du & Lee, 2018; Jacot et al., 2018; Arora et al., 2018; Long & Sedghi, 2019). In
contrast, we are interested in out-of-distribution generalization.

Prior literature on parameterized bandits has considered a number of functional forms, ranging from linear (Abbasi-Yadkori
et al., 2011; Rusmevichientong & Tsitsiklis, 2010) to neural tangent kernels (Zhou et al., 2020). Most of this work makes a
realizability assumption that the model family contains the true model;> implicitly, they consider model families where
there is a unique, identifiable true parameter. These assumptions are necessary precisely due to the fact that the test and
training distributions are different; thus, much of the bandit literature has focused on proving parameter identification results
to enable learning. In contrast, the identifiability assumption does not hold for quadratic neural networks because they are
invariant to parameter transformations. To the best of our knowledge, we consider the first overparameterized bandit that
considers a model that is not identifiable; we find that similar regret results hold as long as the function represented by the
model can be identified. Separately, (Foster & Rakhlin, 2020) makes a general connection between online regression oracles
and the regret of a bandit algorithm; however, their approach only provides good guarantees when the regression oracle
returns a model that generalizes off-distribution. Finally, recent work on UCB with neural tangent kernels (Zhou et al., 2020)
provides general regret bounds, but their bound is only sublinear under conditions such as the true reward function having
small RKHS norm (see Remark 4.8 in their paper), which amounts to assuming they can recover the true parameters.

B. Generalization Bounds for Neural Module Networks

While function identification enables robust generalization, many data generating processes are too complex to be identifiable.
Neural module networks are designed to break complex prediction problems into smaller tasks that are individually easier to
solve. These models take two kinds of input: (i) a sequence of tokens w (e.g., word embeddings) indicating the correct
composition of modules, and (ii) the input x to the modules. Then, the model predicts the sequence of modules j;...j1
based on w, and runs the modules in sequence to obtain output =’ = f;,.(...(f;, (z))...).

We study conditions under which neural module networks can robustly generalize. Rather than study arbitrary distribution
shifts, we consider two separate shifts:

* Module inputs: We assume that the individual modules are identifiable; as a consequence, we assume the shift to the
module input x can be arbitrary.

* Module composition: We consider shifts to the token sequence w. If the model mapping w to j;...jr is identifiable, then
the entire model is identifiable. Instead, we show that when this model is not identifiable, compositional structure can still

2Slightly different from realizability in PAC learning (Kearns et al., 1994), which says there is a model with zero true loss.
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aid generalization. Intuitively, we show that while small shifts in the compositional structure can cause large shifts in the
distribution p(w), models that leverage the structure of p(w) can still generalize well.

In more detail, consider a simplified neural module network f, which includes (i) a set of neural modules { fi: X=X } ?:1’
and (i) a parser g : Z7 — [k]?, where Z C R”. We assume each component of f;j(z) is computed by a separate quadratic
neural network; we discuss the architecture of g below. Then, given an input z € X C Réandw € W = Z7, the

corresponding neural module network f : X x W — X is defined by

[, w) = (fir 00 f)(@) = fir (- (i (2)..)  where  ji.jr = g(w).

We assume that g has compositional structure—i.e., for some g : [k] x Z — [k], we have

. . 0 ift=20
gw) = j1..Jr where Ji =< ) i
J(zt,Jt—1) otherwise,
where w = z...zp. Intuitively, w is a sequence of word vectors; then, the current neural module j; = §(z¢, ji—1) depends
both on the current word vector z; and the previous neural module j;_1. First, we assume that the individual modules have
been functionally identified.

We assume we have fully labeled data we can use to train the neural modules—i.e., for each input x and sequence w, we
have both the desired sequence j;...jr of neural modules, as well as the entire execution xg, z1, ..., £, where ro = z and
xi41 = fj, (z¢) otherwise. Thus, we can use supervised learning to train the neural modules;? in particular, we can construct
labeled examples (j¢—1, 2¢, j:) used to train the parser g, and labeled examples (z¢, z441) to train the modules f;,. For
simplicity, we assume we have a uniform lower bound n on the number of training examples for the parser and for each
module. Then, we have the following straightforward result:

Lemma B.1. With probability at least 1 — dko, for each j € [k], we have

2dK2e

«

1fj () = £ (@)]l2 < =e¢p  (Vred),

where fj is the estimated module and [ is the ground truth module.

This result follows straightforwardly from Theorem 3.3 along with a union bound. In contrast, we do not assume the parsing
model robustly generalizes, but only on distribution.

Lemma B.2. With probability at least 1 — §, we have

By [i(20) # 5" ()] < 4R(G) + ) 2B

n

where R, (G) is the Rademacher complexity of G (including its loss function), where p(z,j) = T~1 Zthl pi(z,7), and
where

’ SE S UG =5 50) Bz | 2) - e (2, 5)dz' otherwise.
This result is a standard Rademacher generalization bound (Bartlett & Mendelson, 2002). Note that we have also assumed
that the distribution over token sequences is structured, which is necessary for our compositional implementation of g to

generalize, even on distribution. Intuitively, the distribution over (z, j) consists of both a unigram model over the word
vectors:

T
(21 2r) = [ [ Bz | 20-),
t=1

3Neural modules are often trained with only partial supervision (Andreas et al., 2016); we leave an analysis of this learning strategy to
future work since our focus is on understanding generalization rather than learning dynamics.
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where we define p(z1 | z0) = p(21), as well as a unigram model over neural modules:

T
p(jr-dr | 2150y 2 H (Je = 9" (2t je—1))-

Next, we consider a shifted distribution ¢(z | z’), which is close to p(z | 2’).

Assumption B.3. We have ||g(- | 2/) — (- | 2')|ltv < a.

Importantly, despite this assumption, the shift between the overall distributions p(z1, ..., zr) and g(z1, ..., 27 ) can still be
large since it compounds exponentially across the steps ¢ € [T.

Proposition B.4. There exist p and q that satisfy Assumption B.3, but ||p — q|lrv = 2(1 — (1 — o/2)7T).

That is, even if the single step probabilities p(z | z’) and ¢(z | z’) have total variation (TV) distance bounded as in

Assumption B.3, the overall distributions p and g can have TV distance exponentially close to the maximum possible
distance of 2 in T"; we give a proof in Appendix F.1.

We show that neural module networks generalize since ¢ leverages the compositional structure of p. First, we show that
under Assumption B.3, the overall shift in the input distribution of g is bounded:

Lemma B.5. We have || — pllrv < Ta.

That is, while the shift can compound across steps ¢, it does so only linearly; we give a proof in Appendix F.2. Next, we
show that as a consequence, the error of ¢ is bounded.

Lemma B.6. Assuming that P (Zj)[ (2,5) # §%(2,7)] < €g, then Py [§(w) # g* (w)] < Teg.

We give a proof in Appendix F.3. Finally, we have our main result.
Theorem B.7. With probability at least 1 — (dk + 1)6, we have

Py [I1f(ww) = 1 (2,0l < Teg - max{KT~',1}] > 1= Te, - T%a.

We give a proof in Appendix F.4. Intuitively, Theorem B.7 says that the error of the neural module network is linear in 7" as
long as K < 1. Note that even if there is no distribution shift, its error is

Py [If (@ w) = @ w)lle < Tep - max{ KT, 1}] 2 1 Te,,

by the same argument as the proof of Theorem B.7. The exponential dependence on K is unavoidable since K > 1 says
that the modules f; can expand the input, which leads to exponential blowup in the magnitude of the output as a function of
T, which also makes the estimation error exponential in 7". Thus, the only cost to the distribution shift from p to q is the
additional error probability T2«

C. Proofs for Section 3
C.1. Proof of Theorem 3.3
We begin by stating several lemmas needed to prove Theorem 3.3.

Lemma C.1. The loss f/p(gzb) is 2a-strongly convex in .

We give a proof in Appendix C.4.
Lemma C.2. The model f¢, loss L is K- -Lipschitz in ¢, where K = 4¢ ot

max-

We give a proof in Appendix C.5.
Lemma C.3. Forany d € R+, we have

Pp(2) ;ug\LPW)fE(e;Z)fo(ZMge >1-9,
€
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where o(Z) =n~t Y"1 | €2, and letting lyay = 232 1 Pmax be an upper bound on | fo(x) — fo- ()

s

2 (42 2
o \/185,,,“(6% + &) <d2 max {1, log (1 + W) } +log ?) (10)
n

max

We give a proof in Appendix C.6. Note that ¢ — 0 as n — oo.

Now, we prove Theorem 3.3. First, by Lemma C.1, and since V¢E(g(9*)) = 0, we have

Ly(0(Z)) = Lp(67) = Ly(9(0(2))) — Ly(g(6%)) > allg(0(2)) — g(6")|%- (1D
Next, by Lemma C.3 and the fact that 6 minimizes ﬁ(@; 7), we have
Ly0(2) < LB; Z) + € —o(Z) < L(0*;Z) + e — 0(Z) < L (6%) + 2¢ (12)

with probability at least 1 — §. Combining (11) and (12), we have

Io(0(2)) ~ o071 < /2

with probability at least 1 — . Finally, by Lemma C.2, we have

K2

sy @) = for @) = (o) @) = Fyomy @))? < K29(8(2)) — g(0")]13 < 2 (0 € )

with probability at least 1 — 6, as claimed. [

[0

C.2. Proof of Theorem 3.4

L(¢; Z) is twice differentiable and convex in ¢. Note that the minimization problem of L(6; Z) is equivalent to that of
L(g(); Z). We consider two cases. First, consider the case where 0 has rank d. The first order condition VL(0; Z) = 0 is
the same as VL(g(0); Z) = 0, which gives

VL($; Z2)0 = 0. (13)

As 0 is of full row rank, there exists a matrix 7 € R¥*? such that 891 = I (e.g. 6T = 07 (807 )~1). We can right multiply
the above equation by ' and obtain that

VL($; Z) =0.
As L(¢; Z) is convex in ¢, the above implies ¢ = g(f) is a global minimum of L(¢; Z). Therefore, 6 is a global minimum

of ﬁ(é’; 7). Next, consider the case where the rank of 0 is smaller than d. In this case, we follow the proof strategy in
Proposition 4 in (Bach et al., 2008); we provide here for completeness. In this case, Equation (13) still holds, which implies

0=VL($:; 2)08T = VL($; 2)é. (14)
The Hessian of i(g(é), Z) has

V2L(g(8): Z)(A, A) = 2(VL(d; Z), AAT) + V2L($; Z) (AT + AT, 9AT + AGT).

As OR is also a local minimum for any orthogonal matrix R (i.e., RRT = RT R = I), we can find a 6 with the last column
being 0 by right multiplying certain R. Then, consider any A with the first £ — 1 columns being 0 and the last column being
any v € R?. With this choice of A and 6, )AT = 0. Therefore,

V2L(g(8): Z)(A, A) = 20T VL($: Z)u.
Since 6 is a local minimum of i(g(é), Z), it holds that Vzi(g(é); Z)(A, A) > 0, which implies

Equation (14) and (15) together comprise the first order conditions of the convex minimization problem mingg i(¢>; Z).
Thus, 6 is also a global minimum. [
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C.3. Proof of Minimum Eigenvalue for Uniform Distribution

Assumption 3.2 is standard; in particular, it is closely related to the assumption in linear regression that the minimum
eigenvalue of the covariance matrix is lower bounded—i.e., ¥ = Ep(x) [mxT] > 0. As an example, when z is i.i.d. uniform

in each component, e.g., p(z) = ]_[Z 1 Uniform(x;; [—1/2,1/2]), then we can take o = 1/180.

Note that
B 2
d
Ep(z)[(xTAl‘)QD =Ep) Z ;x50
i,j=1
=Ep) Zm4A2 + Zw x-AiiA” + 2Zx2x2A2
i#] i#]
1 1
=) AL+ ) AGA )Y AL
80 4 +144Z ”+72Z Y
g i#] i#]
1 1 1
- A T T Au - A2
(- ) Ssie i (Sa) + T
> —J|A
> Al
as claimed.
C.4. Proof of Lemma C.1

We use the notation U : V2 f(¢) : V to denote the matrix inner product (U, V2 f(¢)(V)) for U,V € R4*4, The Hessian
V2f(¢) can be viewed as a d?> x d? matrix. As everything here is bounded, we can exchange the expectation and
differentiation. Therefore, the Hessian of our loss function has for any symmetric matrix A

A:V2Ly(9) : A = 2By [(2 T Ax)?] > 20]|AE,

where the last inequality uses Assumption 3.2. [

C.5. Proof of Lemma C.2
By our definition, for any ¢, ¢’ € ®,

[fo(x) = for (@) = (27 (¢ — ¢)2)?| < 2poclld — &' || .

Given our quadratic loss function, we have

I( ¢( ) = for (@))% = (for () = for ()]
< | fo(@) = for (@) + for (@) = for (2)| fs () = For ()]
< 4¢max£max||¢_ ¢/HF'

Next, the true loss satisfies

1Lp(¢) = Lp(@)| < Epo[|(fo(x) = for (2))° = (for (@) = for (@))*]] < dbmaxtipan |6 — &I
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Finally, the empirical loss satisfies

[(Folzi) —vi)* = (for (i) —1:)?]

|
S|=

L Z) — L(&'; 2)]

1

~
Il

|(fo(@i) = Jor (@0))® = (Jor (@) = For (20))?]

M:

1

s E’L

; 52 & 1 Foli) — For ()
=1

< (4¢maxxiax + 2£maxx12nax)|‘¢ - ¢I||Fa

I
—_

as claimed. [

C.6. Proof of Lemma C.3

First, we have the following results:

Lemma C.4 (Covering Number of Euclidean Ball). For a Euclidean ball in R™ *™2 with radius R with respect to Frobenius
norm, there exists an e-net € such that
2R ning
I€] < (1 + ) .
€

Proof. This claim follows by a direct application of Proposition 4.2.12 in (Vershynin, 2018). O

Lemma C.5 (Hoeffding’s Inequality for Subgaussian Random Variables). Letting {z;}"_, be a set of independent o-
subgaussian random variables, then for all t > 0, we have

Proof. See Proposition 2.1 of (Wainwright, 2016). [
Now, we prove Lemma C.3. Consider an ¢/ (4K )-net £. Then, for any ¢ € ®, there exists ¢’ € £ such that
(L(6:2) = Ly(6) = (L6 2) = Ly(@')] < 2Kl — ¢'|1r < 5.
Therefore, we have
Puz 500 [L6(0):2) ~ Ly(a(6)) ~ o(2)] =
=Pyz) bgg IL(¢:2) — Ly(0) — o(2)| > E]

<Py {max|z(¢; Z)— ip(qb) —0(2)| > ;]

<> P (L6 2)  Ly(6) — o(2)| = 5. (16)

Pl

Now, defining

L6 2) = Lol = Jor(w))? ana 16 2) = = 3" (Falws)  For ()6

3\»—‘
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and recalling that o(Z) = n=' Y| &2, then we have

L(¢: 2) = L(¢; 2) + 2i(¢: Z) + o(2).

Thus, continuing from (16), we have

> Puz) [\iw; Z) = Ly(¢) —0(2)| > %}

peE

<Y P [IL6:2) - Ly(@)] + 2li(¢: 2)] > 5]
pes

<3 Pua) [1L(6:2) ~ Ly(6)] > 5] + oy [Ji6: 2)] > 5 a7
pes

For the first term in (17), note that |(f(z) — fg- (2))?] < €240 50 (f4(x) — fy- (x))? is €2, -subgaussian; thus, by Lemma
C.5, we have

2
> Puz) [\L $:Z) = Ly(¢)| > 6] <2l¢| ~eXp( 1;264 ) : (18)
PEE

max

Next, for the second term in (17), note that |(f¢(:z:1) — fd>* ())& < lmax€max»> SO (f¢(:1:,) — f’¢* (24))& 18 maxEmax-
subgaussian; thus, by Lemma C.5, we have

2
> By [li(#:2)| > 5] < 21¢] -exp( Mnem) . 19)

¢€€ max

Combining (18) & (19), continuing from (17), we have

S Pz [1L6:2) = Ly(6)| > £] +Poia [fi(0: 2)| > ]

pe€

TL€2
<o (5 ra)

d? 2
8Pmax K ne
<214+ ———— .
N ( € > P ( 188%&(( max T ﬁmax))

ne S8Pmax K
=2 d?1 1 max 20
eXp( 1802, (@, + €5, °g< T ! 20

where for the first inequality, we have used max{¢2 ., &2} < 2+ &2, and the second inequality follows since by
Lemma C.4, the covering number of the e-net £ of  satisfies

d2
€] < (1 + 2¢;““‘*>

Finally, we choose € so that (20) is smaller than §—in particular, letting

2
€= \/18&“3"( ) (d2 max {1, log (1 + 8¢212axKn) } + log ?)
n max

then continuing (20), we have

Tl62 8¢maxK
2€Xp< +d210g<1—|—>) <9,
18[12118.)(( max + é-max) €

as claimed. [
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Algorithm 1 Explore-Then-Commit Algorithm for Quadratic Neural Network Bandit
Initialize Z < @
Let m be as in (26)
fort € {1,...,m} do
Sample i.i.d. action z; ~ p, where p is as in (9)
Take action x; and obtain reward y; as in (8)
Update Z + Z U {(xt,91)}
end for
Compute § = arg min, L(6; Z), where L(0; Z) = m~ 23" (fo(x:) — yi)?
Compute & = arg max, y f;()
fort e {m+1,..,7} do
Take action x; = & and obtain reward y; as in (8)
end for

D. Proofs for Section 4

First, we make the following assumption, which says that ¢* = #*6* T has a gap in its top eigenvalue:

Assumption D.1. Let ¢* = 6*0* " and let \; > Ay > ... > Ay be the eigenvalues of ¢*. There exists a constant M € R+
such that A\; — Ao > 4/M.

This assumption ensures that the eigenvectors of ¢* to be stable under perturbations. The eigenvectors of ¢* correspond to
the optimal action z* = arg max, ¢ y fo-(2) since fy- (z) = T ¢*x; thus, this assumption ensures that if 6 ~ 0*, then the
optimal action & = argmax, y f5(x) satisfies & ~ x*.

Then, we provide the full statement of Theorem 4.1 (including constants).

Theorem D.2. The expected regret of Algorithm I is

8bmac KT\ /*
R(T) < Co+Cy-T*® (log <3+ %)) ,
where
2d§+2
2d<—1
Co = Do) o Cv =160 (ML )
A(IBM G, d7/%) 273 (8 K /07,4 ) 27

Before we prove Theorem D.2, we first prove a preliminary result establishing an analog of the smooth best arm response
property (Rusmevichientong & Tsitsiklis, 2010) to our setting. First, we have the following useful result:

Lemma D.3. Let ¢, ¢' € R¥? be symmetric matrices, let x,x' € R? be eigenvectors of ¢, ¢’ corresponding to their top
eigenvalue, such that ||z||2 = ||2'||2 = 1, and let \y > Ay > ... > g be the eigenvalues of ¢'. Suppose that {x,x') > 0.
Then, we have

23/2 H(b - ¢/||op )

x—12 <
o o) < 21O

Proof. See Corollary 3 of (Yu et al., 2015). L]

Next, let y : R¥*? — 2% denote the subset of reward-maximizing arms for g(0) = 00" —i.e.,

x(¢) = arg max z! px,
zeEX

where the argmax returns the set of all optimal values. Then, we have the following analog of smooth best arm response:
Lemma D.4. For any ¢ € R, there exists x € x(¢) and x* € x(¢*) such that

lza" — 22" || < Mll¢ — ¢"[|p.
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Proof. First, note that =, x* are eigenvectors of ¢, ¢* corresponding to their top eigenvalues, respectively. Next, note that if
x* € x(¢*), then we also have —x* € x(¢*); thus, without loss of generality, we can assume that (x*, x) > 0. Also, note
that |z||p = ||2*||F = 1 since the optimizer maximizes the magnitude of z. Thus, we have

232 — ¢ .
< 2710 =9 < ppjg— 61
Al — As

where the first inequality follows by by Lemma D.3, and the second inequality follows by Assumption D.1, as claimed. [

[l — 2"l

Now, we prove Theorem D.2. The cumulative regret R(7") of a horizon of T" has that

T
R(T)=E | > (for (") — fo- (z1))
m T
=Epjﬁ4ﬁ%4@@m+ > (for(a") = fo- (x1))
t=1 t=m+1
T ) ’ T )
< 2mbmax +E | D (g(0) — g(0%), 23" —a* Ty + Y (g(0), 2" T — :zm] : 1)
t=m-+1 t=m-+1

where @ is an estimator that minimizes the empirical loss of the first m samples, & € x(g(0)) is maximizes the estimated
expected reward f;(x), and (¢, ¢’) = Zf j=1 ¢ij@;; is the matrix inner product. Since £ is a maximizer of fy(z) =

(g(0), zxT), we have (g(0),z*2*T — £2T) < 0, so the second term in (21) is zero. Thus, continuing from (21), we have

T
R(T) < 2Mmomax + E Z <g(é) - 9(0*)7£§3T - x*x*T>]
t=m-+1
< 2mbman + (T = m)E |[9(0) — 90" |plle3 T = 2*2*T 1] (22)

To bound the second term in (22), note that
|32 7 — 2" T|p < 227 — 22" T |p + 22" T — "2 T||p < 2M | g(6) — g(6%)|F,
where the last step follows by Lemma D 4.

Note that, following the discussion in Section 3, for the choice of p in (9), Assumption 3.2 holds for the dataset Z with
o = d=2/5/15 for any d > 2. Then, by Theorem 3.3, we have

5 2 180044 8 K o\ \ /4
l9(6) — g(6*) || r < \/E =d'° <mm <d2 max {l,log (1 + W)} +log 5))

with probability at least 1 — d. Now, defining the event

A 2
g= {Ilg(9) — 90l < \/E},
0 =2exp <d2 max {1,log <1 + Sd)rz‘;me> }) ,

and continuing from (22), we have

letting

R(T) < 2mGman + T - E [ll9(8) = 9(6") | r]1237 — 22" T|[p1(G)] + 4T dumax - PG°)
< 2Mmmax + 2MT - E {Hg(é) — 9% ‘ g} + AT pinax - P(G°)

log(3 + 8¢max KT/ 02,,) n 8T Prmax
m (8¢maXKm/€r2nax)d2 .

(23)

max

< 2Mmax + 120M L} d7/5T\/



Robust Generalization of Quadratic Neural Networks via Function Identification

The third term in inequality (23) is smaller than the second term when

1/(d*—1/2)
m > (bma; . (24)
15M 2 d7/5(8¢maxK/€2 )d \/log(?) + 8dmax KT/ 02,,)

max max

For a choice of m satisfying (24), continuing from (23), we have

\/ 10g(3 + 8¢max KT/12,.,)

R(T) < 2m¢rmax + 240M (2, d7/°T . (25)
m
Next, we choose m to minimize the upper bound in (24) for sufficiently large 7—in particular,
2
60M €2, d"/°T \/10g(3 + 8pmax KT/ (2) \ °
m = ( max \/ (;g( + ¢ / max) (26)
max

With this choice of m, we have

R(T) < 163 (M2 dunax) 3 d" /T3 (10g(3 + 8man KT /02,,)) 7 .

max
Finally, note that (24) holds under the choice of m in (25) for T satisfying

2d242

(¢max) 2d2—1
2d2 12 _3d2
A(15M 02, d7/5) 277 (8Pmax K [ €24 ) 2421

T\/lOg(3 + 8¢maxKT/£12nax> =

The claim follows. [

E. Proofs for Section 5

Note that we have for the proxy data

2K26p
«

N s

IP)p(Z) [LQ(ép) <

where

2 2 2 . ; 4
€ = 18€max(‘€max + gmax) d? max 1’ log 1+ 8¢maxK”P + log -,
P n, 22 d

P max

where we have highlighted the differences from € in (10) in red. Next, we make a technical assumption

Assumption E.1. For some 0¢ € R0, 0min(6);) > 00, where oin(6) is the dth singular value of 6.

Equivalently, the minimum eigenvalue of 9(9;) is positive; intuitively, this assumption ensures a good estimate of G;G;T
implies a good estimate of ¢ (up to an orthogonal transformation).

Then, we provide a full statement of Theorem 5.1.

Theorem E.2. For any distribution q(x) with support on B3(0, Tynqy ), we have

>1-94

- )

2K269}

Pp(z) {Lq(ég) < —

where

. [18K2(K2B2 + €2, Kn, 4
€,=DB- BK3( + Sha) d?max< 1,log ( 1+ 8bmackng + log - |.
g ng £2 1)

max
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Before we prove Theorem E.2, we state the following key result:

Lemma E.3. Let 0,0 € R and let g = 007 and ¢' = 0'0'T. Assume that || — ¢' ||z <, and that 0, (0) > ¢ > 0,
where 0pin(0) is the minimum singular value of 0 (more precisely, the dth largest singular value). Then, there exist
orthogonal matrices R, R' € R¥*¥ such that

I0R — 0'R || < -~ 27)
oo

Proof. Consider the SVDs § = UXV T and ¢ = U'S'V'T, where U, U’ € R**? 5, %/ € R4¥4 and V, V' € RF*4; then,
we have ¢ = UX2U T and ¢/ = U’S"2U’T. Then, we claim that the choices R = VU " and R’ = V'U’" satisfy (27). In
particular, note that R = UXU " and @' R’ = U'S'U’ ", since V'V = V/TV' = I; since k > d, where I; € R4*¢ is the
d-dimensional identity matrix. Thus, it suffices to show that

oo|USUT —U'S'U'T ||p < 1. (28)

To this end, note that
n>l¢—¢lr=|UL2UT —U'S?U'" ||p = |UTUL? - 82U TU||p, 29)
where in the last step, we have multiplied the expression inside the Frobenius norm by U’ on the left and by U on the right,

using the fact that the Frobenius norm is invariant under multiplication by orthogonal matrices. Defining W = U’T U, note
that

Z WirXk; = Wi X, (30)
ZE Wiy = Wiy S (31)
(WE2)y; Z Wik (52)i; = Wi; B2, (32)
d
(Z2W)ij = > (S2)iWiy = Wy S22, (33)
k=1

Then, continuing from (29), we have

772 2 ||WZ2 _ E/2W||2F — Z W2 22 _ 212)
3,j=1

d
= Z ij(zjj - Egi)Q(ij + E;i)2

i,j=1
d

> WEE; - Ti) eh

i,j=1

=o3||[WE - S'W||%

=2 |U"TUS - 2'UTU|%

=o2lUSUT —U'Y'U'T %,

v

where on the first line, we have used (32) & (33), on the third line we have used X;; > 09, on the fourth line we have
used (30) & (31), and on the last line we have multiplied on by U’ on the left U " on the right, again using the fact that
the Frobenius norm is invariant under multiplication by orthogonal matrices. Thus, we have shown (28), so the claim
follows. =
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Now, we prove Theorem E.2. First, by directly applying the arguments in the proof of Theorem 3.3, we have

2¢p

19(0,) — 9(O3) 1+ <

!
with probability at least 1 — §/2. However, ép itself may not be close to ;. Instead, applying Lemma E.3 with ¢ = ép and
0" = 05, and with = \/2¢,,/a, there exists a orthogonal matrix R, = R’ RT that “aligns” ép with 67, yielding

R . 1 /2
||9p - HpRPHF < (770 Fp,

where o is the minimum singular value of 9;. Now, let ég = 9; R, and note that this is a global minimizer (i.e.,
9(0,) = g(03)), since Ry, is orthogonal. Then, we have

||ég - épHF < ||9;Rp - H;RPHF + HQ;RP - ép”F

N N 1 2e
<16 = O,llr + ;0\/ 7;
1 /2
<B4+ /=2 (34)
go «

with probability at least 1 — §/2. In other words, an alternative global minimizer 0 exists within a small Frobenius norm of
our proxy estimator 9p, even if 9 is not close to ;.

Finally, on the event that (34) holds, note that for § € By (ép, B ), we have the alternative upper bound

|fo(x) — fos ()] < K|lg(0) — g(6)||lr < KB,
where the first inequality holds by Lemma C.2; thus, we can take /;,,x = K B. Thus, on the event that (34) holds, by
Theorem 3.3, we have

- 2K2%¢
Pp(Z) Lq(eg) S Tg Z 1 -

N S

so the claim follows by a union bound. [

F. Proofs for Appendix B
F.1. Proof of Proposition B.4
Suppose that z; € {0, 1} is binary, zo = 0, and

~ 1 ifz=2
p(2|2/)={ .

0 otherwise.

In particular, since zgp = 0, p(w) = 1(w = wp) places all weight on the zero sequence wy = 0...0. Next, consider the
shifted distribution

1 ifz=2=1
Gz | ze—1) =1 —a/2 ifz2=2"=0
/2 otherwise.

Note that ||p(- | 2’) — ¢(- | 2")|lTv < a, so Assumption B.3 is satisfied. Note that

T
=[Jda010)=@1-a/2)".

t=1
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As a consequence, we have

Ip = qlltv = Y Ip(w) — gq(w)|

weW

[p(wo) —q(wo)l + D a(w)

weW\{wo}
=(1-(1-0a/2)")+(1-(1-0a/2)")
=2(1-(1-a/2)7),

as claimed. [

F.2. Proof of Lemma B.5

Note that

||[jt 7ﬁt”TV

k
= |G:(2,5) — Pe(z, j)|d=
;/ ENIE N

k k
=303 (16 =G i | a2 ) = i | (5

j=lj'=1
k
=3 [l 101 = B | s () 4
J'=1
k
<> / (2 1 2) =Bz | 2)] - Ge1(z,5) + (2 | 2) - |Ge-1(2', ") = Pea (2, §)|d2"d=
3'=1
k
< Z /04 “G-1(2,5") + G125 5") = o1 (2, ") |d2
i'=1
<a+||¢gi—1 — pr—1]Tv-

Since qo(z,j) = po(z,j) forall z € Z and j € [k], by induction, ||§: — P¢||rv < ta. Thus, we have

T
I 1 ~
14— pllrv < T Z G = Pell < Tex,
t=1

as claimed. [
F.3. Proof of Lemma B.6
First, we prove the following lemma.

Lemma F.1. We have

k =1
Pz i) = Y / (H 1(jr = Q*(an}l))) p(21; -0 2)d21 - d2p

J1seesdt—2 =1
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Proof. For the base case, we have
k
aCensd) = 3 [ 101 =3 rsdo)) - Bea | 20) o o)
jo=1

k
=3 [ 160 =5 ) Blea | 21) 16 = 0) Bar)d
= /]l(jl = §"(21,J0)) - p(21, 22)dz1,

as claimed. For the inductive case, we have

k t—1
= , Z /<H ]l(.j‘l'—l :g*(zT—lajT—Q))> -p(Zl,...,zt)dzl...dzt_l.

as claimed.

Now, we prove Lemma B.6. First, note that for each ¢ € [T'], we have

= /ﬂ(ﬁ(w)t #g" (w)) - ( I 1(g(w)- = 9*(w)r)> p(w)dw
k = t—1
= Y /ﬂ(ﬁ(w)t # 9" (w):) (H 1(g(w)r = g*(w)r)> p(j1--ji-1 | w) - p(w)dw
JiyeensJt—1=1 T=1
k t—1 t—1
= Y 16wt (H 1(5(w), = g*<w>7>> - (H 16, = a*<zﬂ.7;_1>>>
p(w)dw
k R t—1 R
= Z /]l(g(zraj‘r—l) 7é g*(ZT)jT—]-)) ' (H ]l(g(zraj‘r—l) = g*(ZTajT—l))>
Jiy--dt—1=1 =1
: (]j ]1(]7' = g*(z‘rajrl))> 'p(w)dw
< ‘ Z /]]'(g(ZT,jT—l) 7£ g*(ZTﬂjT—l)) ' (H ]]-(.77' = g*(zﬂjr—l))> 'p(w)dw
O t;
= ' Z /]l(g(zﬂj‘rfl) 7é g*(zrajrfl)) : (H ]l(]‘l' = ~*(ZT,]'7—1>)> '])(Zl,...,Zt)le...dZt

= Ppt(z,j) {g(vaijl) 7& g*(z‘ﬁj‘rfl)} s
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where the last step follows from Lemma F.1. Now, note that

IP);v(w) [g(w) # g*(w)] = pr(w) l(g(w)t # 9*(w)t) A </\ g(w)‘r = 9*("1})7)]

< ZIPP,<ZJ> |9(205) # 5 (2.9)]
< Teg,

as claimed. [

F4. Proof of Theorem B.7

First, we show that Py ;) [§(2,7) # §*(2,7)] < €, + Tav. To this end, note that
Pz [9(2.5) # 57 (2,9)]
IED;D(z,])[ (Z j) # g (Z ])] + Pq(z,j)[g(zaj) 7£ f]*(z,j)] - Pp(z,j)[g(z’j) 7£ g*(z’j)]

<eg+§;/ 1(§5(209) # 5" (20)) - d(24) — (2. |d2

<eg+ |G —Dpllrv
<eg+Ta.

Next, by Lemma B.6 with ¢ in place of p and ¢, + T'a in place of ¢,, we have Py, [§(w) # g*(w)] < Tey + T?q. Then,
assuming that §(w) = ¢g*(w), we have

1F7 (2, w) = f(z, )]z
|(fp 00 f7)(@) = (fjr 00 fi1) (@)l

IN

T
YN0 fi o ffiofiiow o fi)@) = (fpowofi ofiofj, oo fi)@l
t=1

KTt H(fg*, © fjt—l 0..0 f]l)(x) - (fjf, o fjt—l 0..0 f]l)(I)HQ

M=

o~
Il
-

KTﬁtEf

W

~~
Il
-

<Tey - max{K7~! 1}.

The claim follows by a union bound. [



